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Chapter 7
The Analysis of Harmonic Displacement Factors
R.T. Downs
INTRODUCTION
In my role as crystallographic editor for American Mineralogist and The Canadian
Mineralogist, I examine many papers that include crystal structure refinement data and
discussions about this data. It is clear to me that understanding and working with the
displacement parameters is a challenge to many researchers. The purpose of this chapter
is to clearly define the meaning of these parameters and the mathematics needed to
interpret them. Throughout this chapter, I will provide illustrative examples from the
structure of quartz refined by Kihara (1990) at a variety of temperatures.

Figure 1. An image of the displacement ellipsoids for a Si2O7 group in αquartz, SiO2, at 298 K and 838 K (Kihara, 1990). The ellipsoids, as drawn,
enclose 99.0 % of the probability density.
It is well established that an atom in a crystal vibrates about its equilibrium position.
This vibration can be attributed to thermal and zero-point energy. For example, in Figure
1 the anisotropic displacement parameters are drawn for the Si and O atoms in quartz at
298 K and 838 K. The displacements are significant, with maximum amplitudes for O of
0.138 Å, and 0.259 Å, at 298 K and 838 K, respectively, in the direction perpendicular to
the Si-Si vector. Therefore, in a crystal structure refinement, it is imperative not only to
find the mean position of an atom, but also to describe the region in space where there is
a high likelihood of finding it. This region of space can be mathematically defined with a
probability distribution function (p.d.f.). If we assume harmonic restoring forces between
the atoms, or in other words, that the forces between the atoms are quadratic and obey
Hooke's Law, then it can be shown that the p.d.f. can be represented by a Gaussian
function (Willis and Pryor, 1975 p92). The topic that links atomic forces with thermal
motion is called lattice dynamics and is not the subject of this chapter. For an
introduction to the subject of lattice dynamics see Born and Huang (1954), Willis and
Pyror (1975), or Dove (1993). The work of, for instance, Pilati et al (1994), illustrates the
use of lattice dynamics to compute the displacement parameters. However, from the
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theory of lattice dynamics is known that the p.d.f should be bounded by the contours of
constant energy that envelop an atom within a crystal structure (Figure 2a). Furthermore,
it follows from density-functional theory that the p.d.f. should be oriented in such a way
that the long axis of the ellipsoid points into directions of relatively lower electron
density (Figure 2b). Other uncertainties can also be represented by this p.d.f., such as, for
instance, substitutional and lattice defects or positional disorder (Hirshfeld, 1976;
Trueblood, 1978; Dunitz et al, 1988; Kunz and Armbruster, 1990; Downs et al, 1990).

Figure 2. Maps of (a) energy contours and (b) procrystal electron density
in the plane perpendicular to [210] centered on the O atom in β quartz at
891 K with the thermal ellipsoid of the O atom superimposed. The energy
was computed with the SQLOO energy function constructed for silica by
Boisen and Gibbs (1993). The thermal ellipsoid is from Kihara (1990).
The SiO bonds are projected onto the plane. By theory, the ellipsoid
should be parallel to the energy contours. This discrepancy may be due to
an insufficient energy function and/or errors in the refined values of the
thermal ellipsoid.
The Relation Between Displacement Factor and Probability Distribution Function
During a typical crystal structure refinement, the recorded intensities of an X-ray
beam, diffracted from a large number of reciprocal-lattice vectors, s, [s]D* = [hkl]t , (for a
review of the notation, see Boisen and Gibbs, 1990) is converted to a set of structure
amplitudes, |F(s)|. This set of observed amplitudes is compared to a set of structure
amplitudes calculated with the equation
n

F(s) =

∑

ƒhj(s) e2πirj⋅s

(1)

j =1

h

where n is the number of atoms in the unit cell, ƒ j(s) is the hot atomic scattering factor,
and rj represents the positional vector of the jth atom in direct space. The difference
between the measured and calculated amplitudes is then minimized by varying rj and
ƒhj(s). The value of rj obtained from this minimization procedure represents the reported
atomic coordinates for atom j.
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The hot atomic scattering factor, ƒ j(s), represents the effect that the various electron
distributions, from the various atoms in the structure, have on X-ray scattering. There are
two terms implicit to this factor. The first term is due to the electron distribution that is
dominated by the contribution of core electrons. These electrons move so quickly in the
regions around a stationary atom that, during the time of an experiment, they can be
considered, by time averaging, to be represented by a constant electron distribution term.
The value of this term is dependent on the species of atoms that are present in the
structure. The second term is attributed to the slower vibrational motion of the atom and
its value is dependent on local interatomic forces, which, of course, vary from crystal to
crystal and from position to position within the crystal.
It will now be shown that the hot atomic scattering factor is the product of the cold
atomic scattering factor, (the electron distribution), with the Fourier transform of the
p.d.f., (the vibrational motion of the atom), i.e.

ƒhj(s) = ƒcj(s) ℑ(P(r)).
Consider a small volume element, dV, containing P(r) dV electrons, located at the end of
the vector r (Figure 3). Then the path of an X-ray of wavelength λ, travelling from its
source to the detector, passing through the end point of r, has increased by λ r ⋅ s over the
path of an X-ray passing through the origin of the vector r (Lipson and Cochran, 1953, p
3-7). If s0 is a vector parallel to the direction from the X-ray source to the end point of r
and s1 is a vector parallel to the direction from the origin of r to the detector, both of
length 1/λ, then s is defined as s = s0- s1. The change in the phase of an X-ray passing
through the end point of r over an X-ray passing through the origin is this increase in
distance, multiplied by the rate of change of phase with distance, 2πr⋅s (Feynman et al,
1977, chapter 29). The amplitude of the wave, scattered from a point source at r, is then
2 ir⋅s
proportional to P(r) e π dV, where the proportionality constant is the cold scattering
c
factor, ƒ . The exponential term represents the decrease in intensity caused by a change
in phase due to path difference. Since P(r) is a continuous distribution, the amplitude of
all the waves scattered by the distribution is found by the superposition principle to be
F(s)= ƒ

c

∫

2πir⋅s

P(r) e

V

3

dV.

(2)

Figure 3. Scattering from two lattice points located at the origin, o, and
the end point of vector r. The vector from the X-ray source is s0, and to the
detector is s1.
The integral in Equation (2) is called the displacement factor or, sometimes, the
temperature factor. If there are many atoms, and hence many electron density functions,
all contributing to the X-ray scattering, then the overall amplitude is the superposition of
all these distributions,
n

∑

F(s) =

j =1

∑
j =1

≡

ƒcj Pj(r-rj) e2πir⋅sdV

∫

ƒcj Pj(r-rj) e2πi(r-rj)⋅s e2πirj⋅s dV

V

n

=

∫
V

n

ƒhj (s) e2πirj⋅s,

∑
j =1

where n is the number of atoms in the unit cell. The hot atomic scattering factor for the jth
atom is expressed as

ƒhj (s) = ƒcj (s) ∫ Pj(r) e2πir⋅sdV = ƒcj (s) ℑ(P(r)),
V

where the displacement factor is the Fourier transform of the p.d.f.
ISOTROPIC DISPLACEMENT FACTOR
As the first approximation under the harmonic model, it can be assumed that the
vibrational amplitude of an atom is constant in all directions. This means that an isotropic
Gaussian probability distribution function is of the form
-r2/(2σ2)

P(r) = 1/(√2πσ2)3 e

with zero mean and a root-mean-square deviation ∆r = σ. Using spherical coordinates,
the probability of finding an atom inside a sphere of radius ro centered at the atom's
equilibrium position is calculated by
2π

π

r0

∫0 ∫0 ∫0 1/(√2πσ ) e
2 3

= 1/σ3 (2/π)1/2

r0

-r2/(2σ2) 2

r sin(θ)dr dθ dφ

∫0 r e
2

-r2/(2σ2)

dr
-ro2/(2σ2)

= erf(ro/σ√2) - (2/π)1/2 (ro/σ) e

A sphere of radius ro =1.5382σ encloses 50 % of the probability density.
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Once we have an expression for the p.d.f., we can calculate the form of the
displacement factor under isotropic conditions (Willis and Pryor, 1975 p. 259 or
Carpenter, 1969 p. 213). As shown in the last section, the displacement factor equals the
Fourier transform of the p.d.f.
ℑ (P(r)) =

2πir⋅s

∫ V Pj(r) e
2π π ∞

=

dV

1/(2πσ2)2/3 e-r /(2σ ) e

∫∫∫

2

2πir⋅s 2

2

r sinθ dr dθ dφ

0 0 0

π ∞

2 3/2

= 2π/(2πσ )

∫∫

-r2/(2σ2) 2πir⋅s cosθ 2

e

e

r sinθ dr dθ

0 0

∞

= 2π/(2πσ2)3/2

=e

-2π2σ2s2

∫

-r2/(2σ2) 2

r dr (e2πirs-e-2πirs)/(2πirs)

e

0

One of the things observed from this calculation is that the Fourier transform of a
Gaussian function is another Gaussian function with zero mean and root-mean-square
deviation ∆s = 1/σ, allowing us to conclude that ∆r ⋅ ∆s = 1.
Under the assumption of isotropic vibration, we obtain as the displacement factor
2π2σ2s2.
ℑ (P(r)) = eWe calculate the structure factor using Equation (1) and minimize the difference between
the measured and calculated amplitudes by varying rj and σ2j for each of the j atoms in
the unit cell.
Alternatively, note that s2=1/d2 so, from Bragg's equation 2d sinθ = λ, we get
2
-8 2 2 sin

2

θ/λ
ℑ (P(r)) = e π σ
In order to save the trouble of carrying the 8π2σ2 term around in the calculations, define
the isotropic displacement factor, B, as
B = 8π2σ2.
We now have as our expression for the displacement factor
-Bsin2 θ/λ2

ℑ (P(r)) = e
and we minimize the difference between observed and calculated amplitudes by varying
rj and B instead of rj and σ2.

Meaning of σ2
Let's take a closer look at the meaning of σ2. It has been defined as the mean-square
displacement of an atom from its equilibrium position. To understand this, we calculate
the radial mean-square displacement, <r2>.
<r2> ≡

∫

P(r) r2 dV

V
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=

∫

2
2
(2πσ2)-2/3 r2 e-r /2σ dV

V

2 -2/3

= (2πσ )

2π

π

∞

∫ ∫ ∫
0

0

= 2π (2πσ2)-2/3
= 4π (2πσ2)-2/3

0

π

∞

0

0

∫ ∫
∞

∫

2
2
r4 e-r /2σ sinθ dr dθ dφ
2
2
r4 e-r /2σ sinθ dr dθ

2
2
r4 e-r /2σ sinθ dr

0

2

= 3σ .
The average mean-square displacement of an atom over all space, from its equilibrium
position, is <r2> = 3 σ2.
If we examine <x2>, which is the mean-square displacement projected along the x
direction we find
<x2> ≡ ∫ P(r) x2 dV
V

=

∫

2
2
(2πσ2)-2/3 x2 e-r /2σ dV

V

= σ2.
Then, for an isotropic p.d.f. <y2> = <z2> = <x2> = σ2 .If <x2>, <y2>, and <z2> are
measured along orthogonal axes then
<r2> = <x2> + <y2> + <z2> = 3 σ2.
So, <x2> is a projection operator, and the magnitude of vibration in the x direction is
actually greater than <x2>.
ANISOTROPIC DISPLACEMENT FACTOR
As a second approximation under the harmonic model, it can be assumed that an
atom's vibrational displacement varies with direction. The p.d.f. takes the form of an
anisotropic Gaussian function:

(

P(r) = 1/((2π)3/2(σ1σ2σ3)) exp -1/2

1 / σ12
0
0 

t 
2
[r] C  0 1 / σ 2 0  [r]C
2
 0
0
1/ σ3 



)

.

(3)

Equation (3) is written with respect to the Cartesian basis C = {i, j, k} that is
coincident with the principal axes of the ellipsoid. Letting [r]tC = [x1 x2 x3] and [s]tC = [s1
s2 s3], then as discussed earlier, we obtain the displacement factor by taking the Fourier
transform of the p.d.f.
ℑ (P(r)) = ∫ V Pj(r) e2π r⋅s dV
i
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=

1
3/ 2
( 2π ) ( σ1σ 2 σ3 )

(

= exp

σ 2
 1
-2π2[s]tC  0

 0


∫V e
0
2
σ2
0

2
2 2
2 2
2
− ( x1 / 2 σ1 + x 2 / 2 σ 2 + x 3 / 2 σ3 )

0 

0  [s]C
2
σ3 


)

i

e2π r⋅s dV

.

Next we need to transform the exponent to the reciprocal D* basis since it would be
awkward to express all the vectors in the crystal with respect to the principal axes of one
of the atoms. This is not a necessary step, however it tremendously simplifies the math.
Let [s]tD* = [h k l] and let M be the matrix such that M[s]D* = [s]C. Then
M[a*]D* = [a*]C giving the first column of M,
M[b*]D* = [b*]C giving the second column of M,
M[c*]D* = [c*]C giving the third column of M,
Note that M is not unique but will be different for every translationally non-equivalent
atom. Hence
M = [ [a*]C [b*]C [c*]C]
=

=

=

 i ⋅ a * i ⋅ b * i ⋅ c *
 j ⋅ a * j ⋅ b * j ⋅ c *


k ⋅ a * k ⋅ b * k ⋅ c *
 a * cos(i ∧ a*) b * cos(i ∧ b*) c * cos(i ∧ c*) 
 a * cos(j ∧ a*) b * cos(j ∧ b*) c * cos(j ∧ c*) 


a * cos(k ∧ a*) b * cos(k ∧ b*) c * cos(k ∧ c*)
 cos(i ∧ a*) cos(i ∧ b*) cos(i ∧ c*)  a * 0 0 
 cos(j ∧ a*) cos(j ∧ b*) cos(j ∧ c*)   0 b * 0 



cos(k ∧ a*) cos(k ∧ b*) cos(k ∧ c*)  0
0 c *

(4)

= CD,

defining both C and D. The displacement factor, then, is expressed

ℑ (P(r))

(

= exp

(

= exp

(

= exp

σ 2
 1
2
t
-2π [s] C  0

 0


0
2
σ2
0

0 

0  [s]C
2
σ3 


)

σ 2 0
0 
 1

-2π2(CD[s]D*)t  0 σ 22 0  CD[s]D*

2
0 σ3 
 0


2
σ
0
0 
 1

-2π2[s]tD*DtCt  0 σ 22 0  CD[s]D*

2
0 σ3 
 0



)

)
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If U is defined as
σ 2 0 0 
1

t
U = C  0 σ 22 0  C,
 0 0 σ2 
3

then we obtain the familiar displacement factor expression

(5)

ℑ (P(r)) = exp(-2π2[s]tD*DtUD[s]D*)
= exp(-2π2(U11a*2h2 +U22b*2k2 + U33c*2l2 +2U12a*b*hk+2U13a*c*hl +2U23b*c*kl)).

The Uij's are defined as
U11 = σ12cos2(a*∧i) + σ22cos2(a*∧j) + σ32cos2(a*∧k)
U22 = σ12cos2(b*∧i) + σ22cos2(b*∧j) + σ32cos2(b*∧k)
U33 = σ12cos2(c*∧i) + σ22cos2(c*∧j) + σ32cos2(c*∧k)
U12 = U21 = σ12 cos(a*∧i) cos(b*∧i)+σ22 cos(a*∧j) cos(b*∧j) + σ32 cos(a*∧k) cos(b*∧k)
U13 = U31 = σ12 cos(a*∧i) cos(c*∧i)+σ22 cos(a*∧j) cos(c*∧j) + σ32 cos(a*∧k) cos(c*∧k)
U23 = U32 = σ12 cos(b*∧i) cos(c*∧i)+σ22 cos(b*∧j) cos(c*∧j) + σ32 cos(b*∧k) cos(c*∧k)
If we define the matrix β such that β=2π2(DtUD), then
β11 = 2π2U11a*2
β22 = 2π2U22b*2
β33 = 2π2U33c*2
β12 = β21 = 2π2U12a*b*
β13 = β31 = 2π2U13a*c*
β23 = β32 = 2π2U23b*c*.
In summary, we have two expressions commonly used for the anisotropic
displacement factor:
ℑ (P(r)) = exp(-2π2[s]tD*DtUD[s]D*)
= exp(-2π2(U11a*2h2 + U22b*2k2 + U33c*2l2
+ 2U12a*b*hk + 2U13a*c*hl + 2U23b*c*kl)).
= exp(-(β11h2 + β22k2 + β33l2 + 2β12hk + 2β13hl + 2β23kl)).
= exp(-[s]tD*β[s]D*).
The β form is popular because of its simplicity.
Symmetry Transformations
If two atoms are related by some symmetry operation, α, then their thermal
ellipsoids must also be related by the symmetry operation. Examine this relation for the β
matrix form of the displacement parameters. First, note that the translational part of a
symmetry operation will not affect the values of the βijs. Let MD(α) be the matrix
representation of the point symmetry operation with respect to the direct basis and
MD*(α) be the representation with respect to the reciprocal basis. Then MD(α)=MD*-t(α)
(Boisen and Gibbs, 1990 p.60). Also, let MD*(α)[s]D* = [s′′]D*, where s′ is the transformed
vector and let β′ be the transformed β matrix. Then
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[s′]D*t β′[s′]D* = [s]D*t β [s]D*
= (MD*-1(α)[s′′]D*)t β (MD*-1(α)[s′′]D*)
= [s′′]D*t (MD*-t(α)β MD*-1(α))[s′′]D*.
Since this is true for any vector, s, we can conclude that
β′ = MD*-t(α) β MD*-1(α) = MD(α) β MDt(α).
Example. The O atom located at [.4133, .2672, .1188] with displacement parameters
{β11, β22, β33, β12, β13, β23} = {.0179, .0130, .0085, .0102, -.0026, -.0041} in α-quartz at
T = 298 K (Kihara, 1990) is transformed to [.1461, -.2672, -.1188] by a 2-fold rotation
along a. Find the displacement factors for the transformed O atom. Solution: The rotation
matrix is
MD(α) =

1 − 1 0 
0 − 1 0  ,


0 0 − 1

And so the transformed displacement parameters are found to be {.0105, .0130, .0085,
.0028, -.0015, -.0041}.
Symmetry Constraints
When atoms are known to be in special positions then the displacement factor matrix
may reduce to a constrained form. If this is not taken into consideration in a least-squares
refinement then singular displacement factor matrices can result. This form can be
deduced by setting β′ equal to β in the above expression to obtain the constraint condition
β = MD(α) β MDt(α) where α is the symmetry operation that leaves the atom fixed. In the
event that an atom is located on more than one symmetry element, it follows that the
constraint condition must be satisfied for each of the symmetry elements. Peterse and
Palm (1965) give a complete list of constrained forms.
Example. The Si atom at [.4697, 0, 0] is located on a 2-fold rotation axis that is
parallel to a in α-quartz (Kihara, 1990) at 298 K. Thus its displacement parameters are
constrained such that
β11
β
 12
β13

β12
β 22
β 23

β13 
β 23 

β 33 

1 − 1

0  β11

β12

β13   1

0

0

= 0 − 1 0  β12 β 22 β 23  − 1 − 1 0 
=

0 0 − 1 β13 β 23 β 33   0
0 − 1
β11 − 2β12 + β 22 β 22 − β12 β 23 − β13 
 β −β
β 22
β 23  .
22
12


β 23
β 33 
 β 23 − β13

Solving, we obtain the constraints that 2β13 = β23, and 2β12 = β22, and one of the principal
axes of the ellipsoid must lie parallel to the a-axis.
Mean-Square Displacements Along Vectors
To obtain an expression for the mean-square displacement, <µ2v>, of an atom as
projected along some specified vector, v, assume a Cartesian basis, C = {i j k},
coincident with the principal axes of the ellipsoid (Nelmes, 1969). Let [v]Ct = [v1 v2 v3]
and the dummy vector [r]Ct =[x1 x2 x3] then
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<µ2v> =

∫

(v/||v|| ⋅ r)2 P(r) dV

V

=

1
3/ 2
( 2π ) ( σ1σ 2 σ3 ) || v ||2

1
=
[v]Ct
2
|| v ||

σ12

0
0


0
σ22
0

∫ V (v⋅⋅r)2e

2
2 2
2 2
2
− ( x1 / 2 σ1 + x 2 / 2 σ 2 + x 3 / 2 σ3 )

dV

0

0  [v]C
σ32 

=

[ v ]tD* D tUD[ v ]D*
[ v ]tD* G * [ v ]D*

=

[ v ]tD G t D tUDG[ v ]D
[ v ]tD G tβG[ v ]D
=
.
[ v ]tD G[ v ]D
2 π 2 [ v ]tD G[ v ]D

(6)

Example. Compute the mean-square displacement amplitude of the O atom along the
SiO vector in α quartz at 298 K (Kihara, 1990). Solution: If O is at [.4133, .2672, .1188]
and Si is at [.4697, 0, 0], then [v]Dt = [.0564, -.2672, -.1188]. The displacement
parameters for O are {β11, β22, β33, β12, β13, β23} = {.0179, .0130, .0085, .0102, -.0026,
-.0041}. The cell parameters are a = 4.9137 Å, c = 5.4047 Å, so the metrical matrix is
G=

0
 24.14445 − 12.07222

− 12.07222 24.14445
.
0


0
0
29.21078


Then <µ2v> = 0.006935 Å2.
Principal Axes
It is of interest to determine the length and orientation of the principal axes of a
thermal ellipsoid. Since the probability ellipsoid has quadratic form ½ xt Λ x where Λ
may be diagonalized to
Λ=

1 / σ12
0
0 


2
1/ σ2
0 ,
 0
2
 0
0
1/ σ3 



then the lengths of the principal axes must be σ1, σ2, and σ3 (Franklin, 1968 p.94). We
can obtain these three optimum values of σ by considering Equation (6)

[ v ]tD G tβG[ v ]D
<µ v> =
.
2π 2 [ v ]tD G[ v ]D
2

The strategy to obtain the solution is to recognize that the principal axes are coincident
with directions of critical points in the values of <µ2v>. That is, <µ2v> has its maximum
and minimum values along the principal axes. Note that this discussion will use the β
form of the displacement parameters, however the method applies equally well to the U
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form (see Waser, 1955 or Busing and Levy, 1958). Take the derivative of <µ2v> with
respect to the vector v, and set it to zero,
( 2G t βG[ v ]D )( 2 π 2 [ v ]tD G[ v ]D ) − ( 4 π 2 G[ v ]D )([ v ]tD G t βG[ v ]D )
d < µ 2V >
= 0,
=
dv
( 2 π 2 [ v ]tD G[ v ]D ) 2
and so
(2GtβG[v]D)(2π2[v]DtG[v]D) = (4π2G[v]D)([v]DtGtβG [v]D)
([ v ]tD G t βG[ v ]D )
t
2
(2G βG[v]D) = (4π G[v]D)
(2π 2 [ v ]tD G[ v ]D )
= 4π2σ2G[v]D
βG[v]D = λ [v]D,
where λ = 2π2σ2.
The root-mean square displacements parallel to the principal axes of the ellipsoid are the
solutions to the equation σ = √(λ/2π2) for the three eigenvalues of βG. The eigenvectors
are parallel to the principal axes and are expressed in direct space.
Example. Determine the lengths and directions of the principal axes of the Si atom in
α quartz at 298 K (Kihara, 1990). The cell parameters and the metrical matrix were given
in the last example, and {β11, β22, β33, β12, β13, β23} = {.0080, .0061, .0045, .00305,
-.00015, -.0003}, thus βG is
βG =

=

 .0080
 .00305

− .00015
.156335
.000000

.000000

− .00015  24.14445 − 12.07222
0




− .0003  − 12.07222 24.14445
.0061
0

− .0003 .0045  
0
0
29.21078
− .022937 − .004382
.110461 − .008763 .
− .005433 .131449 
.00305

The eigenvalues are
.10838,

.13337,

.15635,

and the unit length eigenvectors in direct space coordinates are
.1126
.2251 ,


.0531

− .0337
− .0674 ,


 .1773 

.2035
 0 .


 0 

The root mean square lengths of the axes are found from λ = 2π2σ2 to be
.0741 Å,

.0822 Å, .0890 Å.

Note that the principal axes define an ellipse that is close to spherical. This is common
for Si atoms in tetrahedral coordination under the harmonic approximation. It will be
shown later that the displacement factors of the Si atoms in quartz primarily result from
translational effects under the rigid-body model for vibration of the SiO4 group.
To further define the eigenvectors, many authors publish their orientations with
respect to the direct crystal basis. These angles are obtained by computing the dot product
of the eigenvectors with the basis vectors.
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Example. For the ellipsoid in the last example we obtain
∠(v1∧a) = 90°
∠(v2∧a) = 90°
∠(v3∧a) = 0°

∠(v1∧b) = 33.9°
∠(v2∧b) = 104.4°
∠(v3∧b) = 120°

∠(v1∧c) = 73.3°
∠(v2∧c) = 16.7°
∠(v3∧c) = 90°.

Obtaining Ellipsoid Parameters From Principal Axes Information
To calculate the Uijs or βijs from the rms amplitudes and orientations of the principal
axes can be extremely useful. For instance, there was a period of time during which the
American Mineralogist did not publish many displacement parameters but instead
published the principal axis information such as that worked out in the example of the
last section. However, this information is of limited use since the original displacement
parameters are necessary to do calculations. Fortunately, it is possible to retrieve the
displacement parameters from the principal axes information. Furthermore, if tables of
both displacement parameters and the rms and orientations of the principal axes are
given, then typographical errors in the displacement parameters can be corrected by
calculating them back from the principal axes information.
The procedure is straightforward. In Equation (5) U has been defined as
σ12

U = Ct  0
0


0
2
σ2

0

0

0  C,
2
σ3 


Hence, we need only to determine the matrix C, defined earlier as
C=

 cos(i ∧ a*) cos(i ∧ b*) cos(i ∧ c*) 
 cos(j ∧ a*) cos(j ∧ b*) cos(j ∧ c*)  ,


cos(k ∧ a*) cos(k ∧ b*) cos(k ∧ c*)

where i, j, and k are the normalized principal axes vectors. Suppose we write the
principal axes information in matrix format as
 ∠(i ∧ a) ∠(i ∧ b) ∠(i ∧ c) 
 ∠(j ∧ a) ∠(j ∧ b) ∠(j ∧ c) 


∠(k ∧ a) ∠(k ∧ b) ∠(k ∧ c) 

Then, if we take the cosine of each term and multiply by the cell parameters, we obtain
 acos(i ∧ a) bcos(i ∧ b) ccos(i ∧ c) 
 acos(j ∧ a) bcos(j ∧ b) ccos(j ∧ c) 


acos(k ∧ a) bcos(k ∧ b) ccos(k ∧ c) 

=

i⋅a
 j⋅ a

k ⋅ a

i⋅b

i⋅c
j ⋅ b j ⋅ c 
k ⋅ b k ⋅ c

If we transform to reciprocal space then

and we find that

i⋅a
 j⋅ a

k ⋅ a

i⋅b

i⋅c
j ⋅ c  G* =
k ⋅ b k ⋅ c
j⋅ b
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 i ⋅ a * i ⋅ b * i ⋅ c *
 j ⋅ a * j ⋅ b * j ⋅ c *


k ⋅ a * k ⋅ b * k ⋅ c *

C=

i⋅a i⋅b i⋅c
 j ⋅ a j ⋅ b j ⋅ c  G*


k ⋅ a k ⋅ b k ⋅ c

0
0 
1/a *
 0 1/b * 0 


 0
0 1/c *

Example. The example in the previous section can be worked backwards to obtain
the initial displacement parameters.
Cross-Sections of the Ellipsoids
Calculations to obtain thermal corrected bond lengths (Busing and Levy, 1964a)
need the mean-square displacement of an atom in the plane perpendicular to a given bond
vector. Given the vector between any two bonded atoms, v, we can calculate the
amplitude vibration along the bond using Equation (6),
<µ2v> =

t

t

t

[v] D G D UDG[v] D
t

[v] D G[v] D

=

t

t

[v] D G βG[v]
2

D

t

2π [v] D G[v] D

.

The mean square displacement for the atom, over all space, is the sum of the
displacements along the principal axes of the ellipse and hence can be expressed
<r2> = σ12 + σ22 + σ32 = trace(βG)/2π2.
If we imagine a change of basis such that the bond vector coincides with one of the new
basis axes, then by invariance of the trace under similarity transformations, the isotropic
mean-square displacement of the atom in a plane perpendicular to the bond vector is
<r′2> = trace(βG)/2π2 - <µ2v>.
This is the equation used in the ORFFE program (Busing et al, 1964) to calculate the
parameters for the riding correction to bond lengths. However, this method obscures the
anisotropic information about the shape and orientation of the cross-section. To obtain
this additional information let v be any vector which is perpendicular to the desired crosssection, where [v]Dt = [v1 v2 v3] with respect to the direct basis and [v]D*t = (G[v]D)t =
[v1* v2* v3*] with respect to the reciprocal basis. If x, ([x]Dt = = [x1 x2 x3] is any vector
in the cross-section, then the equation
x⋅⋅v = [x]DtG[v]D = [x]Dt[v]D* = x1v1* + x2v2* + x3v3* = 0
must be satisfied. Suppose q and r are any two non-collinear vectors satisfying this
equation. Then we can obtain the elliptic cross-section by transforming the ellipsoid to
the constrained plane using a transformation matrix, T, with [q]D and [r]D as its columns,
T = [[q ]D

[r ]D ].

T will transform a vector from the plane, written with respect to the basis D′ = {q, r}, to
our three-dimensional direct space. If v3* is not zero then q and r can be chosen as
follows. A solution for x3 can be written in terms of x1 and x2 as
v *
v *
x 3 = − 1 x 1 − 2 x 2.
v3 *
v3 *
Choosing q1 = 1, q2 = 0 for q and r1 = 0, r2 = 1 for r we obtain a transformation
equation
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1
0




0
1
T[x]D′ =


( − v1 * / v 3 *) ( − v 2 * / v 3 *)

 x1 
 x1   
x  = x 2  = [x]D.
 2  x 
 3

Any choice of non-collinear q and r is theoretically satisfactory, however for
computational purposes, in which numerical instability may be a problem, it may be best
to choose them to be orthonormal.
After the transformation matrix has been chosen we can then obtain an expression
for displacements in the plane,
[ x ]tD G tβG[ x ]D
2
<u > =
2π 2 [ x ]tD G[ x ]D
(T[x ]D′ ) t G tβ GT[ x ]D′
=
2π 2 (T[x ]D′ ) t G(T[ x ]D′ )
[ x ]tD′ T t G tβ GT[x ]D′
=
2π 2 [ x ]tD′ T t GT[x ]D′
To obtain the principal axes of this ellipse and the associated eigenvalues we solve
the generalized eigenvalue problem (Franklin, 1968),
TtGtβGT[x]D′ = λ TtGT [x]D′.
[xi]D′t = [x′1i x′2i] are the two eigenvectors and λi = 2π2σ′i2 are the two eigenvalues. It
follows that in direct space the principal axes of the ellipse perpendicular to the vector v
are T[xi]D′. In addition, it is found that
<r′2> = trace(βG)/2π2 − <µ2v> = σ′12 + σ′22.
Example. Again, using the previous example for Si, we find that the mean-square
displacement amplitude along the SiO bond is .006354 Å2, while the principal axes in the
plane perpendicular to the SiO bond are .006647 Å2 and .007174 Å2.
Surfaces
If Equation (6) was used to calculate the root-mean squared displacements, <µv2>1/2,
for all possible vectors emanating from the center of the ellipsoid,
<µ2v> =

t

t

t

[v] D G D UDG[v] D
t
[v] D G[v] D

=

t

t

[v] D G βG[v]
2π

2

D
t
[v]D G[v] D

,

then the resulting surface would be a peanut shaped quartic as displayed in Figure 4.
Hummel et al (1990a,b) have written a software program called PEANUT to facilitate
rendering thermal parameters in this fashion. Jürg Hauser at Universität Bern currently
maintains the software. The information obtained from rendering quartic surfaces is the
same as that obtained from ellipsoidal surfaces, except that the quartic surface remains
closed when the harmonic parameters are non-positive definite. Otherwise, manipulation
of Equation (3) can provide an ellipsoidal surface of constant probability
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1 / σ12
0
0 


2
[v]C  0 1 / σ 2
0 
2
 0
0
1 / σ3 


t

[v]C = K2

(7)

expressed with respect to the Cartesian basis C = {i, j, k} coincident with the principal
axes of the ellipsoid. When K = 1.5382 then the ellipsoid contains 50% of the probability
density. Now, transform this equation into the crystal basis,
β

σ12

= 2π2(DtUD) = 2 π2DtCt  0
0


0
2
σ2

0

0

0  CD.
2
σ3 


Therefore, we find that
1 / σ12
0
0 


2
-1 t t
2
1/ σ2
0  =2 π CDβ D C .
 0
2
 0
0
1 / σ3 



Substitution into Equation (7) gives
2 π2[v]CtCDβ-1DtCt[v]C = K2.
But CD[v]D* = [v]C, so
2 π2[v]Dtβ-1[v]D = K2.

Figure 4. An image of the displacement quartics for a SiO4 group in αquartz, SiO2, at 498 K (Kihara, 1990). The image was kindly rendered by
Jürg Hauser with the PEANUT software package.
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Isotropic Equivalent to the Anisotropic Displacement Factor
In some instances, it is of use to know the isotropic displacement factor that would
be equivalent to the anisotropic one. The equivalent isotropic factor is not usually the one
that would be obtained from a least-squares refinement, but it can be considered a good
estimate. It is a parameter that is commonly published because it takes less space than the
anisotropic parameters, and it offers a convenient way to assess the nature and quality of
data. In practice, assume that the isotropic equivalent mean-square displacement is equal
to the average of the mean-square displacements along the principal axis of the
anisotropic thermal ellipsoid. Recalling that λi = 2π2σi2 are the eigenvalues of βG, and
that the trace of this matrix is invariant under a similarity transformation, then the
average eigenvalue of βG is 1/3 trace (βG). Hence the average mean square displacement
is
1
tr(βG).
<σ2> =
3 ⋅ 2π 2
The equivalent isotropic displacement factor is then
Beq = 8π2<σ2>

(8)
3

3

= 4/3 tr(βG) = 4/3

∑ ∑

βijGij,

(Hamilton, 1959)

j =1

i =1

= 4/3 tr(2π2DtUDG) = 8π2/3 tr(DtUDG).
Please note that there has been confusion propagated in many papers about how to
calculate this factor when the anisotropic factors have been presented in the U form. The
expression Beq = 8π2/3 tr(U) is commonly used, but this is only valid for orthogonal
bases.
Example. Calculate the equivalent isotropic displacement factor for Si in quartz at
298 K (Kihara, 1990). Using the βG matrix from the example in the section on principal
axes, we obtain
Beq = 4/3 tr(βG) = 4/3 (0.156335 + 0.110461 + 0.131449) = 0.531.
As a check, we can take the average from the root mean square lengths of the
principal axes (these are calculated in the section on Principal Axes).
Beq = 8π2<σ2> = 8π2(0.07412 + 0.08222 + 0.08902)/3 = 0.531.
Anisotropic Equivalent to the Isotropic Displacement Factor
Sometimes we may only know the isotropic displacement factor and may want an
estimate of the anisotropic matrix. For instance, in a least-squares refinement procedure
one often refines for the isotropic case first and then expands to the anisotropic. Estimates
for starting parameters may be needed.
Define βeq as our estimated anisotropic matrix. Then, by modifying Equation (8),
¾ B = tr(βeqG).
Converting to 3-dimensional space,
βeqG = B/4 I,
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where I is the 3x3 identity matrix, in order to constrain the ellipse to a spherical shape.
Hence
βeq = B/4 G*.
Example. For the Si atom in α quartz at 298 K (Kihara, 1990)
βeq = B/4 G*
=

0 
0.05522 0.02761
0.531 
0.02761 0.05522
0 

4 
0
0.03423
 0

=

0 
0.00733 0.00367
0.00367 0.00733
0 .


0
0.00454
 0

RIGID BODY MOTION
The earlier part of this chapter examined the harmonic motion of independent atoms.
However, if the bonds in a group of atoms are strong enough, say for instance in a SiO4
group, then the entire group may undergo harmonic oscillation of a type called rigid body
motion. A group of atoms oscillating with rigid body motion undergo correlated
translational and librational motion as a group. The motion of each individual atom is
determined entirely by the motion of the group. The translational motion of the group is
the same motion as assumed for the independent atom and can be described in the same
fashion as laid out in the previous section of this chapter. The librational motion is
angular oscillation about a line that usually passes near the center of mass of the group.
Furthermore, the translational and librational motions may be coupled in such a way that
the net effect is a sort of screw motion. A strong screw component is typical of the
motion of CO3 groups in carbonates (Finger, 1975; Markgraf and Reeder, 1985; Reeder
and Markgraf, 1986). Together these three are known as the TLS model of rigid body
motion (Schomaker and Trueblood, 1968). At this point in time, no one has successfully
coded a computer program that directly refines the rigid body parameters for any crystal.
Several attempts have been made, but they do not work in the general case (cf. Finger and
Prince, 1975; Finger, 1975; Markgraf and Reeder, 1985; Downs et al, 1996).
Consequently, it is standard practice to compute the rigid body parameters from the
anisotropic parameters (cf. Ghose et al, 1986; Downs et al, 1990; Stuckenschmidt et al,
1993; Bartelmehs et al, 1995; Jacobsen et al, 1999).
The study of the motion of rigid bodies constitutes an important part of physics and
much work has been done in this area (cf. Landau and Lifshitz, 1988). The first important
paper considering the thermal vibrations of a group of atoms was Cruickshank (1956). He
proposed a model that included translation and libration about the center of mass of a
molecule. Schomaker and Trueblood (1968) showed that Cruickshank’s model was but a
special case, valid only if the origin of the rigid body is at an inversion center, of the
more general situation where the libration axes may be non-intersecting and, in fact, the
motion may best be described as spiral or screw motions. Around the same time period,
Brenner (1967) tackled the problem with application to the Brownian motion of rigid
particles. Both of these papers treat the mathematics with a tensor of dyadic notation, and
Johnson (1969) is recommended for an alternate review of the subject using matrix
notation.
Rigid body criteria
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Suppose there exists a rigid group of N atoms. The term rigid means that the
separations between all atoms in the group remains constant, regardless of the overall
motion of the group. This implies that the atoms in a rigid group vibrate in tandem, and
therefore the thermal parameters of the N atoms represent the same motion. It is
questionable whether such a group truly exists in nature, however, we find that many
groups of atoms satisfy the definition of rigidity within the accuracy of crystal structure
refinements (Finger, 1975; Markgraf and Reeder, 1985; Reeder and Markgraf, 1986;
Ghose et al, 1986; Downs et al, 1990; Stuckenschmidt et al, 1993; Bartelmehs et al, 1995;
Jacobsen et al, 1999).
If a group of atoms is rigid then all the atoms in the group vibrate in tandem. This
implies that the mean-square displacement amplitudes exhibited by any pair of atoms in
the group should be equal along their interatomic vector (Dunitz et al, 1988). Define the
difference displacement parameter, ∆AB, evaluated along the vector, v, between two
atoms, A and B, as
∆AB = <µ2v>B - <µ2v>A
= [v]D*t[D(UB-UA)D] [v]D*
=

1
2π

2

[v]D*t[βB - βA] [v]D*.

Then ∆AB should be zero, within some tolerance. For SiO4 groups a suitable tolerance for
the SiO bonds has been proposed by Downs et al (1990) as -0.00125 Å2 ≤ ∆SiO ≤ 0.002
Å2, and between the OO atoms as ∆OO = |<µ2v>O1 − <µ2v>O2| ≤ 0.003 Å2 (Bartelmehs et
al, 1995). If the ∆AB values for a group of atoms lie within such tolerances, then it can be
assumed that the group behaves as a rigid body.
Example. The ∆AB values for the SiO4 tetrahedra in quartz as a function of
temperature (Kihara 1990) are computed and given in Table 1. The values for α-quartz
represent averages over the non-equivalent vectors. The results tabulated in Table 1
demonstrate that the SiO4 group in both α and β-quartz can be considered to vibrate as if
a rigid body over the temperature range 298 K ≤ T ≤ 1078 K.
Table 1. The ∆AB values for the SiO4 tetrahedra in quartz as a function of
temperature (Kihara 1990).
T (K)
298
398
498
597
697
773
813
838
848
854

∆SiO (Å2)
α-quartz
0.00038
0.00059
0.00034
0.00056
0.00051
0.00045
0.00091
0.00110
β-quartz
0.00021
0.00091
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∆OO (Å2)
0.00062
0.00065
0.00087
0.00092
0.00132
0.00148
0.00174
0.00145
0.00000
0.00000

859
869
891
920
972
1012
1078

0.00069
0.00068
0.00079
0.00115
0.00073
0.00167
0.00069

0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

Libration of a body
If a rotation of θ takes place about the unit vector l = l1i + l2j + l3k, expressed with
respect to the Cartesian basis, C = {i, j, k}, then the general Cartesian rotation matrix,
MC(θ), describing the transformation of a vector v to v′, MC(θ)v = v′, can be expressed as
 l12 (1 − cos θ) + cos θ l1l 2 (1 − cos θ) − l3 sin θ l1l3 (1 − cos θ) + l 2 sin θ


MC(θ) = l1l 2 (1 − cos θ) + l3 sin θ l 22 (1 − cos θ) + cos θ l 2 l3 (1 − cos θ) − l1 sin θ .
l1l3 (1 − cos θ) − l2 sin θ l 2 l3 (1 − cos θ) + l1 sin θ l32 (1 − cos θ) + cos θ 


This expression can be rewritten as
MC(θ) = I + sinθ L + (1-cosθ)L2,

where
 0
L =  l3
− l2

− l3
0
l1

l2 
− l1 

0 

− l 22 − l32

L2 =  l1l2
 l1l3


and

l1l 2
− l12 − l32
l2 l3

l1l3 

l 2 l3  .
− l12 − l22 

Expand sinθ and cosθ in a Taylor series about θ = 0, and note that L = −L3 = L5 = −L7 …,
and L2 = –L4 = L6 = –L8 …, then MC(θ) can be rewritten as
MC(θ) = I +θL +

θ 2 2 θ3 3 θ 4 4
L +
L
L + ….
2
6
24

If the axial vector λ (Johnson, 1970) is defined as λ = θl, then
MC(θ) = I +K +

1 2
K
2!

+

1 3
K
3!

+

1 4
K + …,
4!

where
 0
K =  λ3

− λ 2

− λ3
0
λ1

λ2 
− λ1  .

0 

We can define the displacement of a particle, v = r′ - r, as
v = Kr +

1 2
1
1 4
K r + K3r +
K r + …,
2
6
24
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= λ×r +

1
1
1
λ×(λ
λ×r) + λ×(λ
λ×(λ
λ×r)) +
λ×(λ
λ×(λ
λ×(λ
λ×r))) + ….
2
6
24

The quadratic term is λ×r, which gives an error of about 2% for θ = 20°. With a cubic
truncation of the series, the error is only about 0.01%.
The quadratic approximation for rigid body motion
In the quadratic approximation, the displacement, u, of a rigid body can be separated
into two parts as
u = t + λ×r.

(9)

The vector, t, represents a translational component of motion. Every part of a rigid body
has the same translational component. The term λ×r represents the librational component
of motion of the part of the body that is located at the end point of the vector r, about an
axis of rotation λ. The vector λ represents the direction of the rotational axis and the
magnitude of λ represents the libration angle. Both r and λ originate from the same
arbitrary origin.
Given any position, r, in the rigid body, the displacement at that position can be
described with a 6 component vector, ct = [t1 t2 t3 λ1 λ2 λ3] = [t M λ]. Equation (9) can then
be rewritten, with respect to a Cartesian basis, as
 t1 
t 
r3 − r2   2 
1 0 0 0
 u1 
t 
u  = 0 1 0 − r
0
r1   3 
3

 λ1
 2
0 0 1 r2 − r1
0   
u3 
λ 2 
λ 
 3
t
= [IM A]   .
λ 
The atomic displacement parameters, U, for a given atom located at position r can be
obtained by taking the time average of the outer product of the displacement vector,
<u∗u> = <uut>, for that atom,
 < u1u1 > < u1u2 > < u1u3 > 
U = <u∗u> = < u1u2 > < u2 u2 > < u2 u3 > .


< u1u3 > < u2 u3 > < u3u3 > 
Note that the values of the components of this matrix are basis dependent. From
Equation (9) we obtain
U = <u∗u> = <(t+λ
λ×r)∗(t+λ
λ×r)>
= <t∗t> + <t∗(λ
λ×r)> + <(λ
λ×r) ∗t> + <(λ
λ×r) ∗(λ
λ×r)>
= <t∗t> + <t∗Aλ
λ> + <Aλ
λ∗t> + <Aλ
λ∗Aλ
λ>
≡ T + AS + StAt + ALAt
(10)
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Method for obtaining the TLS rigid body parameters
The method for calculating the T, L and S matrices that describe the motion of a rigid
molecule will now be shown. Using Equation (10), we set up 6 equations, one for each of
the independent Uijs, and then apply simple linear regression methods to obtain the Tijs,
Lijs, and Sijs.
U11 = T11 + r32L22 + r22L33 – 2r2r3L23 + 2r3S21 – 2r2S31
U22 = T22 + r32L11 + r12L33 – 2r1r3L13 – 2r3S12 + 2r1S32
U33 = T33 + r22L11 + r12L22 – 2r1r2L12 + 2r2S13 – 2r1S23
U12 = T12 – r1r2L33 – r32L12 + r2r3L13 + r1r3L23 + r3(S22 – S11) + r1S31 – r2S32
U13 = T13 – r1r3L22 + r2r3L12 – r22L13 + r1r2L23 + r2(S11 – S33) – r1S21 + r3S23
U23 = T23 – r2r3L11 + r1r3L12 + r1r2L13 – r12L23 + r1(S33 – S22) + r2S12 – r3S13
Observe that the parameters S11, S22, and S33 only appear in the combinations (S22 –
S11), (S11 – S33) and (S33 – S22) in the U12, U13, and U23 terms. This imposes a constraint
on the values of S11, S22 and S33 which can be seen by observing that if all parameters
were zero, except for these, then the following equation would need to be solved:
 U12  − r3
U  =  r
 13   2
 U 23   0

r3
0
− r1

0 
− r2 

r1 

S11 
S  .
 22 
S33 

The determinant of the matrix is zero, indicating that the S11, S22, and S33 terms are
not linearly independent. By convention, the constraint is imposed that S11 + S22 + S33 =
0. Hence eliminating the S33 term, we solve the 20 parameter problem
U11 = T11 + r32L22 + r22L33 – 2r2r3L23 + 2r3S21 – 2r2S31
(11)
U22 = T22 + r32L11 + r12L33 – 2r1r3L13 – 2r3S12 + 2r1S32
U33 = T33 + r22L11 + r12L22 – 2r1r2L12 + 2r2S13 – 2r1S23
U12 = T12 – r1r2L33 – r32L12 + r2r3L13 + r1r3L23 – r3S11 + r3S22 + r1S31 – r2S32
U13 = T13 – r1r3L22 + r2r3L12 – r22L13 + r1r2L23 + 2r2S11 – r1S21 + r2S22 + r3S23
U23 = T23 – r2r3L11 + r1r3L12 + r1r2L13 – r12L23 – r1S11 + r2S12 – r3S13 – 2r1S22
There will be one set of each of these equations for each atom in the rigid molecule, so
that in the most general case, with 20 unknowns and no symmetry constraints, we need at
least 4 atoms in the molecule to solve the problem.
Choice of Origin
The choice of origin is arbitrary, but affects the values of the T and S parameters. No
matter where the origin is chosen, λ and r must originate from that point. Hence the
extent of the displacement due to libration can vary, depending upon the magnitude of λ
× r. Since the final solution is independent of origin, the librational displacement can be
changed by altering the correlation between translation and libration, and by altering the
translation parameters. There exists a unique choice of origin that minimizes the trace of
T. That is, the isotropic magnitude of translation is minimized. This origin is called the
center of diffusion by Brenner (1967), and the center of reaction by Johnson (1969).
From Equation (11),
Tr(T) = T11 + T22 + T33
= U11 – (r32L22 + r22L33 – 2r2r3L23 + 2r3S21 – 2r2S31)
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+ U22 – (r32L11 + r12L33 – 2r1r3L13 – 2r3S12 + 2r1S32)
+ U33 – (r22L11 + r12L22 – 2r1r2L12 + 2r2S13 – 2r1S23).
Then Tr(T) is minimized with respect to a choice of origin if
∂Tr (T )
= –r1(L22 + L33) + r2L12 + r3L13 – S32 + S23 = 0,
∂r1
∂Tr (T )
= r1L12 – r2(L11 + L33) + r3L23 – S13 + S31 = 0,
∂r2
∂Tr (T )
= r1L13 + r2L23 – r3(L11 + L22) – S21 + S12 = 0.
∂r3
The center of reaction must then satisfy the equation
− L12
− L13 
 r1  ( L22 + L33 )
r  =  − L
( L11 + L33 )
− L23 
12
 2 

− L23
( L11 + L22 )
 r3   − L13

−1

 S 23 − S 32 
S − S  .
13 
 31
 S12 − S 21 

We also see that a shift to this origin causes the S matrix to be symmetrized since r1 = r2
= r3 = 0 in the new setting, insuring that S23 – S32 = S31 – S13 = S12 – S21 = 0.
Example. The atomic parameters for both α and β-quartz were used to refine TLS
parameters as a function of temperature. The procedure is to obtain the coordinates and
displacement parameters for the 5 atoms in a SiO4 group. These are transformed to
Cartesian coordinates, with the origin chosen at the Si atom. The Cartesian system is
chosen such that the z-axis is parallel to c, and x-axis is in the ac plane. TLS parameters
are refined in a linear least-square process that minimizes the differences between the
observed Uijs and the ones calculated with Equation (11). With this solution, the center of
reaction can be computed, and the problem can be solved again at the new choice of
origin. The resulting TLS parameters for β-quartz at 848 K are
T
L
S

(1,1)

(2,2)

(3,3)

0.02868(5)
0.02973(6)
0.00623(3)

0.02020(5)
0.01635(5)
-.00733(3)

0.02001(5)
0.01107(6)
0.00110(4)

with the off-diagonal terms all equal to 0. The observed and calculated displacement
parameters are
U(1,1)

U(2,2)

U(3,3)

U(1,2)

U(1,3)

U(2,3)

Si obs.
Si calc.

0.0279
0.0280

0.0212
0.0213

0.0132
0.0133

0.0106
0.0107

0
0

0
0

O obs.
O calc.

0.0521
0.0521

0.0576
0.0576

0.0388
0.0388

0.02605
0.02608

0
0

-.0269
-.0269
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The parameters for the other 3 O atoms can be obtained by applying the appropriate
symmetry transformation. Examination of these results demonstrates the successful
fitting of the thermal motion of β-quartz to a rigid body model at 848 K.
Interpretation of Rigid Body Parameters
The translational component of the TLS model is straightforward to interpret. It
represents the translational motion of the entire group of atoms, just as the anisotropic
displacement parameters discussed in the previous section of this chapter represent the
motion of independent atoms. Therefore, the interpretation can be carried out in the same
manner. Since the translational parameters are computed in Cartesian coordinates, the
math is a little easier.
Example. Compute the isotropic equivalent translational motion for the SiO4 group in
β quartz at 848 K. The isotropic equivalent is determined from the trace of T as
Beq = 8 π2<σ2> = 8 π2(0.02868 + 0.02020 + 0.02001)/3 = 1.81 Å2.
The observed Beq(Si) at 848 K for β-quartz is 1.80 Å2 (Kihara, 1990), and is statistically
equivalent to the Beq of the translational motion for the entire SiO4 group. In general, this
result is typical for SiO4 groups. The motion of the Si atom is entirely translational, and
the T matrix is more or less equal to the displacement parameters of the Si atom
(Bartelmehs et al, 1995).
The interpretation of the librational component of motion is straightforward, though
not as easy as for the translational part (Bartelmehs, 1993). If the eigenvalues of L are
positive, as they should be, then the L matrix represents an ellipsoid. Define the
normalized eigenvectors of L as l1, l2, and l3, associated with eigenvalues λ21, λ22, and λ23,
respectively. Then the libration vector, λ, is λ = λ1l1 + λ2l2 + λ3l3. The magnitude of
libration (in radians) is θ = (λ21+λ22+λ23)1/2 = trace(L)1/2. Define the transformation
matrix U with columns constructed from the eigenvectors
U = [[l1 ]C [l 2 ]C [l 3 ]C ],
where C is the Cartesian basis chosen to solve the TLS refinement. Then U represents a
linear transformation from the Cartesian space defined by the eigenvectors of L (L = {l1,
l2, l3}) to the Cartesian space defined by C, such that U[v]L = [v]C.
Example. Determine the magnitude of libration and the libration vector for the SiO4
group in β quartz at 848 K. The L matrix was determined in the last example. Solution:
Since L is already a diagonalized matrix then the eigenvectors are already determined.
Therefore the magnitude of libration, θ, is
θ = (.02973 + .01635 + .01107)1/2 = .239 rad = 13.7°.
The axis of libration is found, first by constructing U. In this case, since L is a
diagonalized matrix, then the eigenvectors are i, j, k and U is the identity. In general,
however, you must solve the eigenvalue problem. If l is the normalized vector parallel to
λ, then
[l]C = U [l]L

23

=

1/2
1 0 0 (.02973) /.239 

0 1 0 (.01635)1/2 /.239 



0 0 1 (.01107)1/2 /.239 



=

.7214
.5350 .


.4402

Application of Rigid Body Parameters to Bond Length Corrections
One of the most important applications of the analysis of thermal parameters, and
especially of rigid body parameters, is to correct observed bond lengths for thermal
motion effects. By the phrase, “observed bond lengths”, it is meant the bond lengths
computed from the refined positions of the atoms. It is well known that the observed
bond lengths may not represent the true interatomic separations, but to determine the true
lengths requires an understanding of the correlation in the motions of bonded atoms.
Busing and Levy (1964b) outlined several models for correcting bond lengths. The most
famous is the “riding model” where one of the atoms is assumed to be strongly bonded to
a much heavier atom, upon which it “rides”, such as an OH bond. There has been quite a
bit of research on how to correct the bond lengths for thermal motion effects
(Cruickshank, 1956; Busing and Levy, 1964b; Schomaker and Trueblood, 1968; Johnson,
1969a,b; Dunitz et al, 1988) and these have been reviewed by Downs et al (1992).
However, in practice it is quite difficult to determine the correlation in the motions of the
bonded atoms. Since the various models produce various corrected bond lengths, the end
result is that researchers seldom try to compute the true bond length. For instance, see
Winter et al (1977) where they attempt to correct bond lengths obtained for low albite as
a function of temperature.
One exception is the rigid body model. If a group of atoms satisfies the rigid body
criteria then the assumption of rigid body correlation in the motion of a pair of atoms can
be justified. Schomaker and Trueblood (1968) and Johnson (1969b) derive an expression
that can be used to correct the bond vector between coordinated pairs of atoms. If [v]C is
the bond vector expressed in the Cartesian system used to solve the TLS model, then the
correction to this vector, [∆v]C, is found by
[∆v]C = ½ [trace(L)I3 – L][v]C,
where I3 is the 3×3 identity matrix. The derivation is somewhat involved, and so will not
be presented here.
Example. Compute the observed and corrected SiO bond length for β quartz at 848 K
(Kihara, 1990). In the Cartesian system used to solve the TLS problem, the interatomic
vector from Si to O is [-.94234, .89831, .90950]. Therefore, the observed bond length is
(-.942342 + .898312 + .90950)1/2 = 1.588 Å, and
[∆v]C = ½ [trace(L)I3 – L][v]C
=

=

1 0 0 
½ [0.05715 0 1 0
0 0 1
− .02584
 0.01833  .


 0.02096 
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-

0
0  − .94234
0.02973
 0
0.01635
0  ]  0.89831 

 0
0
0.01107  0.90950 

The corrected vector is then [v]C + [∆v]C = [-.95526, 0.91663, 0.93045], and the
corrected bond length is (-.955262 + 0.916632 + 0.930452)1/2 = 1.618 Å.
It is not a simple task to compute bond lengths corrected for rigid body motion
because of the fitting procedures and so on. Consequently, Downs et al (1992) derived a
model for the “simple rigid bond” for rigid coordinated polyhedra based upon the
assumption that the central cation only undergoes translational motion,
R2SRB = R2obs +

3

(Beq(Y) – Beq(X)),

8π 2

where X is the central cation and Y is the anion. This model reproduces the TLS
corrected bond lengths very well, and can be applied to data with only isotropic
temperature factors, such as those obtained at high pressures.
Example. Compute the simple rigid bond corrected SiO bond length for β quartz at 848
K (Kihara, 1990). Beq(Si) = 1.81 Å2 and Beq(O) = 4.33 Å2, and Robs = 1.5881 Å, so
R2SRB = 1.58812 +

3
8π 2

(4.33 – 1.81) = 2.6178,

and the corrected SiO bond length is 1.618 Å.
All the SiO bond lengths in both α and β quartz were corrected for thermal motion
effects using the TLS and SRB models and are given in Table 2.
Table 2. The observed and corrected SiO bond lengths for quartz (Kihara,
1990) as a function of temperature. The bond lengths for α quartz have
been averaged.
T (K)
298
398
498
597
697
773
813
838
848
854
859
869
891
920
972
1012

Robs(SiO) (Å)
α-quartz
1.609
1.608
1.607
1.605
1.602
1.600
1.597
1.594
β-quartz
1.588
1.588
1.588
1.588
1.588
1.589
1.588
1.588

RTLS(SiO) (Å)

RSRB(SiO) (Å)

1.615
1.615
1.616
1.616
1.616
1.616
1.615
1.616

1.615
1.615
1.616
1.616
1.616
1.616
1.616
1.616

1.618
1.618
1.618
1.618
1.618
1.618
1.618
1.619

1.618
1.618
1.618
1.618
1.618
1.619
1.618
1.619
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1.587

1.619

1.619

The corrected and observed bond lengths are plotted in Figure 5. The observed bond
lengths in quartz as a function of temperature are physically unrealistic in that they
decrease with increasing temperature. However, the corrected bond lengths slowly
increase in a systematic way, with Rcorr(SiO) = 1.6144(4) + 2.3(6)×10-6 T for α quartz and
Rcorr(SiO) = 1.612(1) + 7(1)×10-6 T for β quartz.
1.63

R(SiO)(Α)

1.62

Corrected

1.61

1.60

Observed

1.59

1.58
200

400

600

800

1000

Temperature (K)

Figure 5. The variation of the observed and thermally corrected SiO bond
lengths in α and β quartz as a function of temperature. The observed data
are platted as circles and the corrected data are plotted as squares. The two
non-equivalent bond lengths are averaged in α quartz. The observed data
decrease systematically in α quartz and are relatively constant in β quartz.
The corrected data increase systematically over the whole temperature
range for both α and β quartz.
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