FOX et al.: BAYESIAN NONPARAMETRIC INFERENCE OF SWITCHING DYNAMIC LINEAR MODELS

1573

TABLE II
NOTATIONAL CONVENIENCES USED IN DESCRIBING THE GIBBS SAMPLER FOR THE HDP-AR-HMM AND HDP-SLDS
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: The matrix-normal in1) Conjugate Prior on
verse-Wishart (MNIW) prior [40] is conjugate to the likelihood
. Almodel defined in (15) for the parameter set
though this prior is typically used for inferring the parameters
of a single linear regression problem, it is equally applicable
to our scenario since the linear regression problems of (15) are
. We note
independent conditioned on the mode sequence
that while the MNIW prior does not enforce stability constraints
on each mode, this prior is still a reasonable choice since each
mode need not have stable dynamics for the SLDS to be stable
[41] and conditioned on data from a stable mode, the posterior
distribution will likely be sharply peaked around stable dynamic
matrices.
. The posterior distribution of the
Let
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dynamic parameters for the
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with
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2) Alternative Prior—Automatic Relevance Determination:
matrices, which (i) beThe MNIW prior leads to full
comes problematic as the model order grows in the presence
of limited data and (ii) does not provide a method for identifying irrelevant model components (i.e., state components in
the case of the HDP-SLDS or lag components in the case of
the HDP-AR-HMM.) To jointly address these issues, we alternatively consider automatic relevance determination (ARD)
[22]–[24], which encourages driving components of the model
parameters to zero if their presence is not supported by the data.
For the HDP-SLDS, we harness the concepts of ARD
by placing independent, zero-mean, spherically symmetric
Gaussian priors on the columns of the dynamic matrix
(20)

Each precision parameter
is given a
prior.
The zero-mean Gaussian prior penalizes nonzero columns of
the dynamic matrix by an amount determined by the precision
parameters. Iterative estimation of these hyperparameters
and the dynamic matrix
leads to
becoming large for
columns whose evidence in the data is insufficient for overcoming the penalty induced by the prior. Having
drives
, implying that the
state component does not
contribute to the dynamics of the
mode. Thus, examining
the set of large
provides insight into the order of that mode.
Looking at the
dynamical mode alone, having
implies that the realization of that mode is not minimal since the
associated Hankel matrix

(21)
has reduced rank. However, the overall SLDS realization may
still be minimal.
For our use of the ARD prior, we restrict attention to models
satisfying the property that the state components that are observed are relevant to all modes of the dynamics.
a mode has
3) Criterion 3.1: If for some realization
, then that realization must have
, where
is the th column of . Here we assume, without loss of generality, that the observed states are the first components of the
state vector.
This assumption implies that our choice of
does not interfere with learning a sparse realization. We could
avoid restricting our attention to models satisfying Criterion 3.1
by considering a more general model where the measurement

