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1 Introduction
In this chapter we brie y describe other ingredients needed to build a design and
control platform. These are:
 The de nition of a control space (shape parameterization).
 Operators acting on elements of the control space (shape deformation tool).
 Operators to link the control space and the geometrical entities (mesh deformation tool).
 Minimization algorithms based on pseudo-unsteady systems formulation,
 Mesh adaptation.
For each point, we will only describe the approach we actually use. Therefore
the description does not intend to be exhaustive. The idea is to show the kind
of results that can be obtained with a platform build with these tools. We are
interested in particular by gradient based minimization algorithms which have a
pseudo-unsteady interpretation.
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2 Shape parameterization and shape and mesh
deformation tools
We describe the set of tools needed to de ne the shape and mesh deformation
from a variation of control parameters (x(1::nc)):

x ! xw ! xm;
where xw (1::nw ) denotes the set of discretization points on the geometry and
xm(1::N ) the internal mesh nodes.
For a given parameterized curve (t) in R2 of parameter t, a natural way to
specify deformation, is to relate these deformations to the local normal n(t) of
(t). Hence, the deformed curve ~
~( ; t) = (t) + f ( ; t):n( (t)):

2 P  Rnc describes the control space P which can be small or large depending

to the kind of parameterization chosen. In general three level of parameterizations
are possible: CAD-based, in a convex hull of a set of shapes, CAD-free.

2.1 CAD-based

In this parameterization the shape and its deformations can be de ned through a
few control points compared to the number of nodes needed for the discretization
of the shape for a simulation, with nite elements for instance:

nc << nw :
Of course, shape deformations should be admissible for the parameterization.
For instance, a cubic spline will not allow a singularity in the shape. Another
feature of this parameterization is to smooth the variations of control points when
propagating to body discretization points.

2.2 Basis of shape functions

We can express the deformations as a linear combination of admissible deformations available in a data base. This is probably the most convenient way but it
is speci c of each application and requires a rich data base.

S = i Si; i = 1; S 2 fSi; i = 1; ::; ncg:
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2.3 CAD-Free or 'h'

In this parameterization, we choose to use the same parameterization for the
simulation and optimization. This is the easiest way to start:

nc = nw :
Hence, the geometrical modeler is removed from the optimization loop. The
geometrical modeler is usually quite complicated to di erentiate and the source
code is not available to the user when a commercial tool is used. Moreover, the
CAD parameterization is not necessarily the best for optimization. The idea
therefore is to perform the optimization at the 'h' (discretization) level, i.e. on
the discrete problem directly. Of course, we have correspondence between the
surface mesh and the CAD parameterization. Hence, in this parameterization
the only entity known during optimization is the mesh.

2.3.1 A local second order smoother

This is an attempt to recover the smoothing feature of the CAD-based parameterization when using a CAD-Free parameterization. The need for a smoothing
operator can nd a theoretical justi cation from the consistent approximation
theory of Polak and Pironneau given in Chapter 6.
The importance of a smoothing step can also be understood by the following
argument:
If ; denotes a manifold of dimension (n ; 1) in a domain 2 Rn , we want the
variation xw 2 C 1(;). From Sobolev inclusions, we know that H (2n;1)=2(;) 
C 1(;). It is easy to understand that the gradient method we use do not produce
necessarily C 1(;) variations xw , but only L2(;) and therefore we need to project
them into H (2n;1)=2(;) for instance (an example of this is given in picture (1)).
The fact that the gradient has necessarily less regularity than the parameterization is also easy to understand. Suppose that the cost function is a
quadratic function of the parameterization: J (x) = (Ax ; b)2 with x 2 H 1(;),
A 2 H ;1(;) and b 2 L2(;). The gradient Jx0 = (2(Ax ; b)A) 2 V with
H ;1(;)  V  L2(;). Again, any parameterization variation using Jx0 as descent
direction will have less regularity than x: x = ;Jx0 = ;(2(Ax ; b)A) 2 V ,
where H ;1( )  V  L2( ). We need therefore to project (engineer would say
smooth) into H 1( ).
One way is to choose the projected variations (x~w ) to be the solution of an
elliptic system of degree (2n ; 1). However, as we are using a P 1 discretization,
a second order elliptic system is sucient even in 3D if we suppose the edges of
the geometry (where the geometry is not initially C 1, for instance a trailing edge)
as being constrained for the design. This means that they remain unchanged.
Therefore we project the variations (xw ) only into H 2(;) even in 3D.
135

’SHAPE_INITIAL’
’SHAPE_UNSMOOTHED’
’SHAPE_SMOOTHED’

Figure 1: Smoothed and non-smoothed shapes. We can see that the gradient jumps
through shocks and also produces a non-smooth shape in leading edge regions. This
is the result of the rst iteration of the optimization. If we keep continue the shape
becomes more and more irregular.
Hence, to avoid oscillations, we de ne the following 'local' smoothing operator
over the shape:
(I ; ")x~w = xw;
(1)
x~w = xw = 0 on wedges,
where x~w is the smoothed shape variation for the shape nodes and xw is the
variation given by the optimization tool. By 'local' we mean that if the predicted
shape is locally smooth, it remains unchanged during this step. The regions where
the smoothing is applied are identi ed using a discontinuity-capturing operator.
Furthermore the linear system is solved iteratively and " is set to zero during the
Jacobi loops if
ij (xw) < 10;3 ;
(2)
(x )
w T

where ij (xw ) is the di erence between the variations of the two nodes of each
segments of a surface triangle (nodes of a boundary edge in 2D) and (xw)T the
mean variation on this triangle (edge in 2D).
This operation can also be seen as a modi cation of the scalar product for the
Hilbert space in which optimization is performed and might therefore also have
a preconditionning e ect in the sense that it propagates localized high frequency
informations where they are not seen initially. Hence, the impact of the smoothing
in a descent algorithm (see below for general pseudo-unsteady systems for x):

J n+1  J n + (Jx0n; x)0; x = ;Jx0n;
J n+1  J n ; (Jx0n; Jx0n)0  J n;
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is located in the scalar product M (based on the projection operator for the
gradient into the parameterization space) such that:

J n+1  J n ; (Jx0n; Jx0n)M  J n ; (Jx0n; Jx0n)0:

3 Handing Domain Deformations
Once (x~w) known, we have to spread these variations overall the mesh. We
give here a few algorithms to perform this task. We ask the deformation method
to preserve the positivity and orientation of the elements. In other words, the
nal mesh has to be conformal. Lets call D the deformation operator applied
to the shape deformation (xw ). We need the mesh deformation xm to verify
xm = x~w on the shape. x~w being worth xw on the shape and 0 elsewhere.
This relation is therefore a boundary condition for D.

3.1 Explicit deformation

This is a simple way to explicitly prescribe the deformation to apply to each mesh
node, knowing the shape deformation. The idea is to make the deformation for
a node proportional to its distance to the shape. In other words, for an internal
node i, we have:
(xm)i = 1i Pk2;w wk
x~m = x~ on ;w

ki ( x~)i

(3)

where,

 xm is the variation of the mesh nodes,
 wk is a weight for the contribution of each of the node k of the shape,
 ki = jx~k ;1x~ij with a positive arbitrary parameter,
 i = Pk2;w wk ki is the normalization parameter.
In 2D, wk is equal to the sum of half of each segments size sharing the node k
and in 3D equal to 1=3 of the surface triangle sharing the node k. This algorithm
has been widely used for the propagation of shape deformation [17, 20, 18].
A justi cation for this algorithm can be found from the the following integral:
Z
1
 (xw ) d ;
R
d
;w jxm ;xw j ;w jxm ; xw j
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Figure 2: Example of mesh deformation with the explicit deformation law (left:
initial, right: deformed).
R

where ;w jxm(;xxww) j d is the convolution product of the Green function jxm1 j with
the Dirac function  at point xw of the shape ;w . The biggest is , the more
the propagation is localized around the shape. For practical applications, = 4
seems to be a good choice. This choice comes from experience and does not has
a theoretical justi cation.
This algorithm is quite robust but expensive. Indeed , the complexity of the
method is proportional to the number of the shape discretization nodes times
the number of mesh nodes. This is therefore too expensive to be used in 3D
everywhere in the mesh. We usually use this approach close to the shape where
the mesh is ne and continue the propagation with iterative methods based on
the solution of elliptic systems.

3.2 Adding an elliptic system

Another possible choice is to solve an elliptic equation of the form of (1). Here,
the di erent components are not coupled together.
(I ; ")xm = xm;
xm = 0 on in ow and out ow boundaries,
@xm = 0 on slipping boundaries,
@n
xm = xm on wall nodes,
where xm is the extension of xw over the mesh de ned by

xm = xw for mesh nodes on the wall,
xm = 0 for internal nodes.
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(4)

None of the previous algorithms guarantee the positivity of the elements. To
make it so, we need to introduce constraints on the deformations of the mesh
nodes or for instance to make the viscosity " of the previous elliptic system
proportional to the inverse of the local mesh size. This is important to avoid
mesh degeneration. But, the principle remains the same. We usually combine
these two algorithms for close and far mesh elds.

3.3 Injection boundary condition

This is a classical way to account for small shape deformations without performing
mesh deformations, by deriving a more complex boundary condition called an
equivalent injection boundary condition , to be applied on the original shape.
Denote, x~1w the original shape, x~2w the shape after deformation, ~u being the ow
velocity and ~n the unit normal to the shape, the slipping boundary condition can
be expressed either in a xed frame or in a one attached and moving with the
shape.
Denote by n~1 and n~2 the unit normal on each shape (in the xed and moving
frames). In frame 2, the slipping boundary condition reads: u~2:~n2 = 0 and in
frame 1:
~2 ; x~1w
u~2:n~2 = V~ :n~2 = xw t
:n~2:
V~ is therefore the speed of the shape in frame 1. Now, if we suppose that the
variations of the geometrical quantities dominate the physical ones (i.e. jxj 
j~nj >> juj):
V~ :n~2 = u~2:n~2  u~1:n~1 + u~1:(n~2 ; n~1):
This de nes an implicit relation for u~1:n~1 which is a new injection boundary
condition for u in frame 1 relating the state at time t + t (time step n + 1) of
the computation to time t (time step n):
u~1(t + t):~n1 = ;u~1(t):(n~2(t + t) ; n~1) + V~ (t + t):~n2(t + t):
In the same way, an equivalent boundary condition can be derived for the
tangential velocity : u~2:~2 = 0 in frame 2 and u~2:~2 = V~ :~2 in the xed frame. A
similar argument as above leads to :
u~1(t + t):~1 = ;u~1(t):(~2(t + t) ; ~1) + V~ (t + t):~2(t + t):
In these expressions, ~1; ~2 denote the local unit tangent vectors build from n1~; n~2.
These tangent vectors are taken parallel to the local velocity in 3D.
With wall-laws, the above expressions become u~2:~2 = u f (y+ ) in frame 2 and
u~2:~2 = u f (y+) + V~ :~2 in the xed frame, where u denotes the friction velocity
and f (y+) the wall function chosen which has to be adapted to the moving domain
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context. In particular, we need to introduce the shape velocity in the implicit
relation which de nes u numerically. Hence, we have
u~1(t + t):~1 = u f (y+) ; u~1(t):(~2(t + t) ; ~1) + V~ (t + t):~2(t + t):
These relations give satisfactory results when the shape curvature and the
amount of the deformation are not high. They are therefore suitable for steady
or unsteady shape optimization and control problems involving small shape deformations as usually regions of large curvature are left unchanged due to constraints.

Remark for steady con gurations:

The previous approach is valid for both steady and unsteady con gurations.
However, in steady shape optimization, we can proceed to some simpli cation. In
particular, the terms involving the shape speed can be dropped and the geometry
is not anymore time dependent. The previous relations are used therefore in the
following manner:
u~1(t + t):~n1 = ;u~1(t):(n~2 ; n~1);
u~1(t + t):~1 = u f (y+) ; u~1(t):(~2 ; ~1):

Remark

As we said, for unsteady con gurations, when the amount of shape deformation is small, a good choice might be to prescribe equivalent injection boundary condition. However, in multi-disciplinary applications (for instance in aeroelasticity) the amount of shape deformation due the coupling might be large and
when introducing multi-disciplinary optimization, equivalent injection boundary
conditions are not anymore sucient. This is why for such applications, an ALE
formulation should be preferred to enable for mesh deformation as for steady congurations and to take into account the mesh nodes velocity in the ow equations
[7, 8, 9, 11].

3.4 Geometrical constraints

Geometrical constraints are of di erent types. We consider some of them :

 De ning two limiting surfaces (curves in 2D), shape variations are allowed
between them.
 For shapes such as blade, wing or airfoil, the second constraint can be for
instance that for the original plan-form to remain unchanged.
 We can also require for instance that some parts of the geometry, such as
the leading and trailing edges for wings, remain untouched.
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 The previous constraints involve the parameterization points individually.
We can introduce two global constraints for volume and thickness. We can
ask for the volume and the maximum thickness for any section of the shape
to remain unchanged.

There are several ways to take into account equality and inequality constraints. The easiest way to treat the rst, second and third constraints is by
projection :
x~w = (xw):
The last constraint can be introduced in the optimization problem by penalty
in the cost function (J (xw ) being the cost function and > 0) :
J (x~ w ) = J (xw ) + jV ; V0j:
The constraint on the thickness is more dicult to take into account. We
proceed as follows :
By-section definition with 30 sections
9
8
7
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4
3
2
1
0
-1
-2
0

5

10

15

20
25
dimension in meter

30

35

40

Figure 3: By-section de nition of an aircraft from its unstructured surface mesh.
we de ne a by-section (see gure) de nition of the shape where the number
of sections required is free and depends on the complexity of the geometry,
each node in the parameterization is associated to a section ,
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for each section, we de ne the maximum thickness ,
(xw) = xw !  ! ;
we ask for the shape deformation to be in the kernel of the gradient of , i.e.
the maximum thickness to have a local minima :
rxw ((xw )):x~w = 0)
and therefore that xw = (xw + x~w). This means that we need a projection
operator over Ker(rxw ((xw)):). We can also introduce this constraint in the
cost function by penalty :
J (~xw ) = J (xw ) + jV ; V0j + j ; 0j:
Given lift constraint:
Most aerodynamic shape optimizations are required to be at given lift. It is
interesting to notice that in cruise situation (far from stall), the lift is linear with
respect to the angle of incidence. This gives therefore another way to enforce
the given lift constraint. Indeed, during optimization the incidence follows the
following equation:
n+1 = n ; (Cln ; Cltarget);
where n is the optimization iteration (see below).

4 Minimization algorithms
This section is devoted to the description of the methods we use in our optimization and control platform. We insist on the integration of the methods and the
approximations and simpli cations we perform. The aim is to show the results we
can expect after these modi cations of standard minimization methods. We also
emphasis on the impact of the incomplete gradient approach described before,
when used with these methods. More details on the optimization methods can
be found in dedicated books.
In our platform two approaches are used to integrate the optimization algorithms depending on the fact that the phenomena is time dependent or not.
Let us reconsider the following time dependent optimization or control problem:
min
J (x(t); q(x); U (q); rU (q));
(5)
x(t)

E (x(t); q(x); U (q); rU (q)) = 0;
g1(x(t))  0; g2 (q(x))  0; g3(q; U (q))  0;
where x 2 Rnc describe our parameterization. This can be for optimization problems a geometrical CAD-based model or a CAD-free model described earlier and
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for control problems, the amount of the injection/suction velocity for instance;
the location of the injection devices is supposed to be given. q describes geometrical entities (normals, surfaces, volumes,...). U 2 RN denotes the ow variables
and E 2 RN the time dependent state equation. g1 de nes the constraints on
the parameterization, g2 those on geometrical quantities and g3 state constraints
on U .

4.1 State equations

Let us consider for E (x(t); q(x); U (q); rU (q)) a multi-disciplinary possibility where E gathers, for instance, the time dependent Navier-Stokes and the k ; "
turbulence model together with wall-laws for the uid part and an time dependent
elastic model for the structure. This is interesting for the explanation of the
di erent points in the pseudo-unsteady optimization algorithms below. More
precisely, we have
@U (x(t)) + r :(F (x; U (x); r U (x)) ; S (U (x)) = 0 in
(6)
x
x
fluid ;
@t
where U is the vector of conservative variables (i.e. U = (; ~u; (Cv T + 21 j~uj2))t;
k; "), F represents the advective and viscous operators and S the right-handside in the k ; " turbulence model as described in chapter 2 and 3. fluid denotes
the uid domain of resolution. This system has 6 equations in 2D (7 in 3D) and
the system is closed using the equation of state p = p(; T ).
To predict the behavior of the structure under aerodynamic forces, we consider
the following time dependent elastic model for the structural degrees of freedom
X (t) 2 Rns :

M X + DX_ + KX = F (U (x(t))j;) in structure ;
(7)
where M , D and K are the mass, damping and sti ness matrices and describe the
structure characteristics. F contains the external forces acting on the structure
and in particular the aerodynamic forces de ned over ; = @ structure \ @ fluid.
X represents for instance the nodes coordinates in a nite element mesh.
Using this mesh, we de ne for the structure, as for the uid, a corresponding
CAD-Free de nition of the shape: X j@ structure (t). This de nition is usually different from the one used for the shape represented in the uid side. This is
because the mesh used to solve 6 is di erent from the one used for 7. We have
therefore to de ne transfer operator from and to X (t), from and to x(t) as we
will explain later. More precisely, we need to express how to transfer structural
deformation from X to x and aerodynamic forces as well as shape deformation
due to optimization from the x to X . This of course, if we choose as control
parameters x.
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4.2 Pseudo-unsteady control and optimization algorithm

There is a major di erence between control and optimization in our approach
in the treatment of shape and mesh deformation and it comes from the fact
that in control problems, the deformation and therefore its equivalent injection
velocity are small. This implies that equivalent injection boundary conditions are
quite suitable while shape optimization, where the amount of the deformation is
not a priori known, requires a full shape and mesh deformation strategy. The
algorithm is presented with a simple steepest descent method with projection for
the optimization. We will see later how to introduce more sophisticated methods
expressed through other pseudo-unsteady systems.
To solve the above problem (5), we need an equation for x(t). Consider
the following simple pseudo-unsteady system representing a descent algorithm
considered as an equation for the shape parameterization. Here, the time is
ctitious and is similar to the descent parameter.
x_ = (;rxJ ):
To advance in time (4.2), we use a backward Euler scheme (denotes by xp the
shape deformation at step p):
xp = (;rxp J p);
where  is the projection operator over the admissible space.
This is well adapted to incomplete gradients and incomplete intermediate
solution of the state equation.  denotes the descent step size and is seen as
a ctitious time. It de nes the coupling between the equation for the shape
(pseudo-unsteady system of optimization) and the state equation ( uid dynamic
equations). The idea is similar to the local time stepping method and is based on
the fact that, for steady solutions, we are not interested by intermediate shapes,
sensitivities and solutions. Therefore, approximations can be made so long as
convergence to a steady state is achieved (by state we mean the shape and the
solution) and the cost function is decreased to a minimum.. This remark is both
true for shape optimization where we are looking for a steady state to this coupled
system and for control where this de nes the control law to be applied to the ow
by injection.
We denote the control parameter at iteration n by xn and the unsteady cost
function J (xn; U (xn); rxn U (xn)) by J (xn).
The control space x0 being de ned, the algorithm is as follows:

Coupling loop
1. compute the gradient: dJdxp ;
2. de ne the new admissible shape deformation by (4.2),
3. smooth the deformations,
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4. If aeroelastic add to the physical structural deformation,

IF small deformations:

5a. de ne the normals to the deformed shape and
the shape speed in the xed reference,
6a. de ne the new injection velocity,

ELSEIF large deformations:

5b. deform the mesh.
6b. compute the new geometrical entities
and mesh speed with consistent approximations
of the boundary conditions and shape deformations for the structure and uid models :

x_ pmf+1 =
Z

xpmf+1 ; xpmf
;


sfp :npsf+1ds =

Z

p :np+1ds; ;
ss ss ss
Z
p+1  p ds =
x
_
x_ p+1p ds:
sf sf sf
ss ss ss

sf
Z

end if

7. advance in time by  the state equation in Eulerian or ALE formulation: U p+1.
8. If shape optimization and if J p+1 < TOL, stop.

End of the coupling loop.
Where, subscript mf denote the uid mesh, and sf and ss denote the quantities
(shape discretization and speed, constraint tensor) on the uid and structure sides
respectively.
This compatibility relation enforces action-reaction principle and energy conservation. Of course, the coupling algorithm can be more sophisticated to improve
time accuracy [7, 8, 9, 11].

4.3 More sophisticated pseudo-unsteady systems

Consider the following second order time dependent equation for the shape parameterization x.

x_ +  x = ;F (; M ;1; (rxxJ );1; rxJ );
(8)
where F is a function of the exact or incomplete gradient and of the inverse of
the Hessian of the cost function. It also takes into account the projection over
the admissible space  and the smoothing operator M described above.
To advance in time (4.2), we use a central di erence scheme for the rst and
second order operators. It is more appropriate to use a forward di erence scheme
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for the rst order derivative when targeting complex applications as intermediate states and sensitivities are not accurately computed due to computational
e ort and this error introduce an extra perturbation to the second order pseudounsteady system. This somehow compensates the natural unstable behavior of
the method.
Denotes by xp the shape deformation at step p, the discretized (8) reads:
( 2 + 1 )xp+1 = 2 xp ; F (p; (M p);1; (rxxJ p);1; rxp J p):
Usually,  does not depend on p except when using mesh adaptation as seen
below.
Through   0, we can control the deviation of (8) from the steepest descent
method. Indeed, with  = 0, we recover the steepest descent with xed step size
if the ctitious time step  is xed and if F does not depend on the Hessian. Of
course,  can be tuned to be optimal at each time step and we recover the optimal
steepest descent method which necessarily converges to the closest minima.
In the same way, a Newton or quasi-Newton type method can be expressed
introducing the inverse of the Hessian or its approximation through a quasiNewton iterative formula like BFGS or instance. In these methods (rxxJ p);1 is
approximated by a symmetric de nite positive matrix Hp, constructed iteratively,
starting from the identity matrix for instance :

Hp+1

BFGS

= Hp +

1+

with

pT Hp p ! xpxpT
xpT p xpT p

p = rJ



pT (Hp + Hp ) p
1
x
;2
;
xp p

(9)



xp+1 ; rJ (xp) :
This BFGS formula has been used together with the incomplete gradient approach
and has signi cantly improved the convergence of the optimization problem in
our case (see below).
If  is p-dependent and if we remove the rst order derivative, we recover
methods such as conjugate gradient were F has a particular expression. Indeed,
it is easy to check that the conjugate gradient method is equivalent to :
xp+1 ; 2xp + xp;1

p gi
X
p
p
= (; jjg jj jjgijj
i=1

pX
;1 g i
p
;
1
p
;
1
+  jjg jj
i );
i=1 jjg jj

(10)

which can be written after adding projection and smoothing operators as:

xp+1 = (xp + M ;1 (;pjjgpjj

;1 g i
gi + p;1 jjgp;1jj pX
i
i ));
i=1 jjg jj
i=1 jjg jj

p
X

where xp = xp ; xp;1 and gi = rixJ i.
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(11)

The pseudo-unsteady system (11) is second order without rst order term and
F involves the integral of the cost function sensitivity:
pX
;1
i
xp+1 = (xp + M ;1 (;pgp + jjgp;1jj (p;1 ; p) jjggijj ));
i=1

(12)

which can be seen as a discretization of (without smoothing and projection operators):
Z T rJ ( )
x = ;rJ (T2) + (1 ;2 2) jjrJ (T1)jj jjr
J ( )jj d;
2

0

2

where i = argmin(J (Ti) ; rJ (Ti)) and with T1 < T2.
Note that if  is xed in (10) and if jjgpjj = jjgp;1jj we have:
xp+1 ; 2xp + xp;1 = (;gp)
which describes the motion of a heavy ball without friction and does not has
a stationary solution. This shows the importance of an optimal step size in
conjugate gradient method. This situation is classical and corresponds to the
motion of a ball over a curve de ned by an absolute value function smoothed
around zero.
In the presence of a rst order friction term, (8) is the so called heavy ball
method [12, 13]. The aim in this approach is to access di erent minima of the
problem and not only the nearest local minimum by helping to escape from local
minima after introduction of second order perturbation term. The di erence
with the original heavy ball method is based on the fact that here the method
is seen as a perturbation of the rst order derivative while in the original heavy
ball method the steepest descent is seen as a perturbation of the hyperbolic
second order system. This reformulation is suitable for numerical experiences as
it enables to tune the perturbation to be the weakest possible. Indeed, otherwise
especially for complex applications, the optimization process becomes hard to
control.

4.3.1 Coupling pseudo-unsteady systems to improve global minimization
Experience shows that despite the heavy ball method can escape from nearest
local minima, reaching the global minima requires too many tries with various
initial conditions. In addition, introducing too much initial speed for a ball
makes the method unstable. The idea is to solve the pseudo-unsteady system
(8) from di erent ball positions (point in the admissible space) and to couple the
paths using cross informations involving a global gradient [14]. Consider, q balls
xj ; j = 1; ::; q, following the motion prescribed by q pseudo-unsteady systems:

x_j +  xj = ;(Fj + Gj );
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(13)

where Fj is as in (8) and Gj a global gradient representing the interaction
between balls (recall that each ball is a design con guration). This has also shown
a stability improvement. To be able to reach the global minima, the number of
balls has to be enough large. A good estimation for this number is given by
the dimension of the design space (n). Even with this number the complexity is
negligible compared to those of genetic algorithms. Our experience shows that
the following choice of Gj gives satisfaction (see example below):
(Gj )i =

Jj ; Jk (x ; x ); for j = 1; ::; q; i = 1; ::; n:
ki
2 ji
k=1;k6=j jjxj ; xk jj
q
X

However, in CAD-Free parameterization, n can be quite large and, due to the
required computational e ort for one simulation, we cannot a ord for more than
a few (say 3 or 4) shape evolutions at the same time. This approach can be seen
therefore as an improvement of the the search capacity of the original algorithm.
In addition, the process is suitable for a distributed treatment as in genetic type
minimizations.

4.3.2 Global minimization on a simple example

The behavior of the pseudo-unsteady systems (13) with two balls and constant 
and , is shown in Fig. (4-left) for the minimization of the following Griewank's
function. This function has several local minima (the global minimum is reached
at (0,0)). For (x; y) 2] ; 10; 10[] ; 10; 10[ consider J de ned by:
1 ((x ; 0:5  y)2 + 1:75y2):
J (x; y) = 1 ; cos(x) cos( py ) + 50
2
The aim is to show that heavy ball method improves global minimum search by
helping to escape from local minima ( gure 5-left). Finding the global minima
requires however several tries. But coupling several heavy balls can help nding
the global minima ( gure 5) using balls not converging to the global minima individually ( gure 4-right). It is also interesting to notice that the steepest descent
method with xed step size also converge to the global minima, but through
chaotic paths. This is one advantage of using constant step size rather than optimal when there are several local minima: at the cost of one steepest descent
minimization with optimal descent step size we can perform several steepest descent minimizations each time with a xed step size.

Other similar ideas introducing attraction and repulsion forces between balls
in the dynamic systems above have been proposed [14].
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Convergence history for J
’steepest descent on the first ball’ u 1
’steepest descent on the second ball’ u 1
’heavy ball method for the first ball’ u 1
’heavy ball method for the second ball’ u 1
’coupled heavy ball method on the first ball’ u 1
’coupled heavy ball method on the second ball’ u 1
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Figure 4: Pseudo-Unsteady minimization for the Griewank's function (left).
Convergence histories for the steepest descent and heavy ball methods starting
from two di erent points, all captured by local minima.

Convergence pathes with the steepest descent and heavy ball methods

Convergence path with the global gradient coupling the heavy balls
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’steepest descent on the first ball’ u 2:3
’steepest descent on the second ball’ u 2:3
’heavy ball on the first ball’ u 2:3
’heavy ball on the second ball’ u 2:3

’heavy ball and global gradient from the first ball’ u 2:3
’heavy ball and global gradient from the second ball’ u 2:3
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Figure 5: Paths for the steepest descent and heavy ball methods starting from
two di erent points (left). When coupling the two balls in heavy ball method using
the global gradient. The global minimum is reached (right).
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Convergence paths with the steepest descent method

Convergence paths with the steepest descent method
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’Steepest descent method for the second ball - without interaction - fixed step rho=3.5’
’Steepest descent method for the first ball - without interaction - fixed step rho=3.5’

’Steepest descent method for the second ball - without interaction - fixed step rho=4’
’Steepest descent method for the first ball - without interaction - fixed step rho=4’
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Figure 6: Paths for the steepest descent method with xed step size starting from
the same points than above. Keeping the step size x during minimization enables
to reach the global minimum (right).

4.4 Interior point algorithms

To avoid violation or saturation of inequality constraints, the idea behind interior
point algorithms is to add penalty term to the cost function involving the distance
to the frontier of the admissible space. If J denotes the original cost function,
and d the distance of control points (in some given norm) to the boundaries of
the admissible space, we can rede ne the cost function as:
J~ = J + ( dd ; 1)2:
0
As an example, in shape optimization problems, when the deformations have
upper and lower bounds, we use the following distance de nition:
n
X

xi < xi < xi; d = ( (xi ; xi)2 + (xi ; xi)2)1=2:
i=1

This approach is easy to implement but is limited by the choice of .
An alternative IPA algorithm based on a modi ed BFGS problem to satisfy
inequality constraints at each step is given in chapter 1.

4.4.1 Descent step size

As we said, experience shows that tuning the descent step size to be optimal after
line search is not always optimal for optimization problems as we are fast captured
by the nearest local minima. To avoid this, in our applications, we usually prefer
a constant descent step size as shown in the example above. In addition, tuning
an optimal descent step size usually requires several state evaluations.
Of course, by doing so we loose the theoretical convergence results.
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5 Eciency with AD
In this section, we describe a few ingredients we need for an ecient use of AD
and also to seriously reduce the cost of sensitivity evaluation for some important
cost functions.

5.1 Limitations when using AD

As we said, we use the automatic di erentiator Odyssee developed at INRIA
[21, 22, 23]. Direct di erentiation, producing a Jacobian matrix or a gradient
vector, as well as reverse mode, computing the cotangent linear application, are
implemented in Odyssee (see chapter 4).
The limitations of the reverse mode of AD come from the required memory
for Lagrange multipliers and intermediate variables.
The need for intermediate variables storage can be understood by the following
argument:
If n is the number of controls, let f be a function f : Rn ! R such that

f (x) = f3of2of1of0(x):
In our shape optimization approach, f0 smoothes the control point variations, f1
propagates the control point variations overall the mesh, f2 computes the ow and
f3 evaluates the cost. The reverse mode produces the Jacobian Dtf : R ! Rn ;
as
Dxt f = Dxt f0oDft 0 (x)f1oDft 1 of0(x)f2oDft 2 of1 of0(x)f3:
We can see that we have to store (or recompute) the intermediate states (i.e.
f0(x); f1of0(x) and f2of1of0(x)) before making the product.
This can be a real problem when using an iterative method (for time integration for instance). Indeed, in this case, the intermediate states cannot be
recomputed as the cost will growth as the square of the number of iterations.
Therefore, they have to be somehow stored.
To give a more precise idea, consider our ow solver which is explicit with one
external loop for time integration of size KT and internal nested loops.
External Loop in time 1,..,KT
Loop over triangles (tetrahedra) 1,..,NT
NAT affectations
End loop NT
Loop over edges 1,..,NE
NAE affectations
End loop NE
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Loop over nodes
1,..,NN
NAN affectations
End loop NN
End external loop KT
cost evaluation

Inside each time step, we have loops on nodes, segments and tetrahedra (triangles in 2D) of sizes NN; NS and NT . Inside each internal loop, we have
a ectations like:
new_var = expression(old_var),

describing the spatial discretization. The number of these a ectations are NAN;
NAS and NAT . The required memory to store all the intermediate variables is
therefore given by:
M = KT  ((NN  NAN ) + (NS  NAS ) + (NT  NAT )):
This is out of reach even for quite coarse meshes. To give an idea, for the 3D
con guration presented here, we have:
KT  104 ; (NN; NS; NT )  105; (NAN; NAS; NAT )  102;
which makes M  1011Mots  100GO. We can use an implicit method to reduce
the number of time steps and therefore the storage. One alternative here is to use
the check-pointing scheme of Griewank [24] to have a base 2 logarithmic growth
of the complexity of the algorithm.

5.2 Storage strategies

To understand the need for a storage strategy, let us look at what we get if we
store all the intermediate states, no intermediate state and some of them.
Full storage case:
KT states stored, KT forward iterations (i.e. one forward integration) and
KT backward iterations (i.e. one backward integration).
No storage case:
0 states stored, (KT + KT  (KT ; 1)=2) forward iterations (i.e. one forward
integration plus computing the required state during the backward integration
each time) and KT backward iterations (i.e. one backward integration).
Intermediate storage:
n states stored non-uniformly over KT states (with n << KT ), (KT +
ni=1(mi  (mi ; 1)=2)) forward iterations (i.e. one forward integration plus computing the required state each time starting from the nearest stored state, mi
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being the number of iterations between two closest stored states) and KT backward iterations (i.e. one backward integration). Of course, if the stored states
are uniformly distributed, we have (KT + n(m  (m ; 1)=2)) forward iterations,
so with one state stored (n = 1), we reduce by a factor of two the extra work
(m = KT=2).
We can see that in each case, the backward integration has been done only
once.

5.3 Keys points when using AD

These are some remarks coming from the physics of the problem. They are
important for a more ecient use of the AD in reverse mode in optimization
problems. We present the di erent steps in the chronological way. We aim to
show how we have been brought to the incomplete sensitivity approach we use
today.

5.3.1 Steady ows

The rst key remark concerns target applications which are steady. In the sense
that the history of the computation is not of interest. Actually, this history is
often evaluated using low accuracy method and local time stepping. It is obvious
therefore that is not necessary to store these intermediate states. In other words,
when computing the gradient by reverse mode, it is sucient to store only one
state, if we start with an initial state corresponding to the steady state for a given
shape. This reduces the size of our problem by the number of time steps (KT ).

M = ((NN  NAN ) + (NS  NAS ) + (NT  NAT )):

5.3.2 Inter-procedural di erentiation

The second important point is to use inter-procedural [23] derivation. The idea
is to use dynamic memory allocation in computers. We replace what is inside an
internal loop by a subroutine and derive this subroutine. This will reduce the
required memory to:
M = NAN + NAS + NAT;
but will imply extra calls to subroutines [23]. In fact, this is what we need if
the memory is declared as static and we need less if we choose to re-allow the
memory needed by routines.

5.3.3 Adjoint accuracy for steady state applications

We saw that, when starting from the steady state for a given shape, we only need
one iteration of the forward procedure before starting the reverse integration.
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Therefore, we need to know which convergence is sucient for the adjoint for the
optimization to converge. Of course, we can integrate for a very long time but
this will not be optimal.
We denote by J 1 the cost at convergence of the optimization and by J n the
cost at step n. We notice that at convergence we would like to have rJh1 = 0.
Therefore, for the optimization to converge, it is sucient for (rJhn) to be strictly
decreasing. This gives the criteria we use in the reverse computation to stop the
reverse time step loop. In other words, we have two di erent numbers of time
step. One for the forward system (taken equal to one) and another for the adjoint
system (very large) and we leave the reverse time integration loop once the above
criteria is satis ed. In the previous code, we need therefore to evaluate the cost
function inside the time integration loop but this is cheap.

5.3.4 Localized gradient computation

This remark can be understood from picture 7. We can see that the variations
of the internal mesh nodes have no e ect on the cost function. Therefore, when
computing the gradient, the internal loops presented above on nodes, segments
and elements are only computed on a few element layers around the shape.
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. We can see that the gradient is concentrated along the rst eleFigure 7: @x@J
mesh
ment layer along the geometry. This is a key remark to reduce the computational
e ort.

6 Incomplete sensitivities and boundary integrals
We noticed that the previous remark was mainly valid for cost functions based
on informations on the shape ( for instance through boundary integrals). Fortunately, this is often the case for the applications. Therefore, when the cost
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function is based on local informations around the shape, the sensitivity of the
cost function with respect to the state can be neglected. This does not mean that
a precise evaluation of the state is not necessary, but that for a small change in
the shape the state will remain almost unchanged, while geometrical quantities
have variations of the same order:

x  jnj  O(1); but U  O("):

6.1 Incomplete sensitivities and equivalent boundary condition

We recover here the argument behind the equivalent injection boundary condition
developed above and widely used to represent small shape deformations. More
precisely, consider the sensitivity of the product ~u:~n with respect to the shape
parameterization x. Formally, we have:
d (~u:~n) = d~u :~n + ~u d~n  ~u d~n :
dx
dx
dx dx
d~n
u
Indeed, the argument above means that j d~
dx j << j dx j. We notice that u has to
be accurate for an accurate sensitivity.

6.2 Incomplete gradient:
application to advection-di usion equation

We recall that the idea behind incomplete gradients is that the changes in the
state are negligible compared to those of the geometry for small variations of the
domain.
Consider as cost function J = aux(a) and as state equation the following
steady advection-di usion equation:

ux ; Pe;1 uxx = 0; on ]a; 1[; u(a) = 0; u(1) = 1:
The solution of this equation is
Pe;1 a) ; exp(Pe;1 x) :
u(x) = exp(
exp(Pe;1 a) ; exp(Pe;1)
We are looking for Ja(a) = ux(a) + a(ux)a(a). We are in the domain of application of the incomplete sensitivities, where the cost function involves products
of state and geometrical quantities and is de ned at the boundary.
We can linearize expression (6.2):
;Pe;1 exp(Pe;1 x) ;
ux(x) = exp(
Pe;1 a) ; exp(Pe;1)
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and get (ux)a(a):
We have therefore,

;1 exp(Pe;1 a))2
;
(
Pe
(ux)a(a) = (exp(Pe;1 a) ; exp(Pe;1))2 :
!

;1 exp(Pe;1 a)
Ja(a) = ux (a) 1 + a exp(Pe
Pe;1 a) ; exp(Pe;1)
= ux (a) (1 + ajux (a)j) :
We can see that the contribution coming from the state linearization is in Pe;2
which means that in applications where Pe > 1, the approximate gradient is
quite accurate, in all case, the sign is always correct.
The previous analysis holds if J = f (a)g(u; ux) for instance.

6.3 Incomplete gradient: application to channel ows

Another example we analyzed in [25] concerns the Poiseuille ow in a channel
driven by a constant pressure gradient (px ). The walls are at y = += ; a. The
ow velocity satis es:
(14)
uyy = px ; u(;a) = u(a) = 0:

a

The analytical solution satisfying the boundary conditions is: u(a; y) = p2x (y2;

2).

We are interested by the sensitivity of the ow rate when the channel thickness
changes,
using exact and incomplete gradients. The ow rate is given by J1(a) =
Ra
u
(
a;
y
)dy. The gradient is given by (using the boundary conditions in (14)):
;a
dJ1 = Z a @ U (a; y)dy = ;2a2px ;
da ;a a

while the incomplete sensitivity (dropping the state linearization) vanishes.
Now consider the following cost function obtained multiplying the ow rate
by an:
J2(a) = an J1(a):
The gradient of the cost function with respect to the control variable a is:
dJ2 = nan;1J (a) + an dJ1 :
1
da
da
We can see now that we have two terms involved: the rst integral is what the
incomplete sensitivity analysis gives and the second comes from the linearization
of the state. We have,
dJ2 = ; 4nan+2px ; an+2px :
da
6

156

We can see that the two contributions have the same sign and are of the same
order, of course the geometrical sensitivity dominates for large values of n. This
remark is interesting for axisymmetric applications in nozzles for instance.

6.4 Incomplete sensitivities: time dependent phenomena

An important question is the validity of these approximation for time dependent
cost functions. Indeed, if the approximation holds, this enables for real time
sensitivity de nition in the sense that the state and the sensitivities are available
in parallel without the need of solving an adjoint problem.

6.5 Newton law: pressure distribution prediction for blu
bodies

A worst case analysis for inviscid ows comes from the Newton formula for the
pressure distribution for high curvature bodies using the in ow velocity u~1 and
the local normal to the shape ~n:
p  ( ~n:u~~1 )2:
ju1j
This is also called the cosines-square law. In that case, the drag coecient is
easily expressed through local shape-based geometrical informations:
Z
Cd =
cos2(~n: juu~~1j )~n: juu~~1j d:
shape
1
1
We can see that linearization leads to equal order sensitivities for small variations
of the normal or the in ow. This is the worst case as we know that small changes
in the geometry in high curvature area (leading edge) have important e ects on
the ow, much more than changes in area where the shape is at.
Now, consider a local inviscid drag evaluation involving the pressure on the
shape, the inward normal and the in ow velocity (Cd = pu1 :n), x being our
control parameter, sensitivity analysis gives:
d (pu :n) = dp (u :n) + p dn :u  p dn :u :
dx 1
dx 1
dx 1 dx 1
Here, the same argument has been used to drop the term in dp=dx because
dp
dn
dx << dx . We notice again that p (the state) has to be accurate.
This shows for instance the importance of including viscous e ects in the state
evaluation for optimization [2] but not necessarily to take them into account in
the sensitivities.
These remarks are essential, as usually users are penalized by the cost of
sensitivity evaluations which forces them to use coarser meshes in optimization
than the meshes they can a ord for simulation.
157

6.6 General formulation and validity domain

Consider the general simulation loop, involved in (5), leading from shape parameterization to the cost function:
J (x) : x ! q(x) ! U (q(x)) ! J (x; q(x); U (q(x))):
If both the cost function and control space are de ned on the shape (or a
same part of it) and if J is of the form
Z

J (x) = shape or part of the shape f (x)g(u)d ;
then the incomplete sensitivity approach holds.
More precisely, the gradient of J has di erent ingredients:
dJ = @J + @J @q + @J @U @q :
dx @x @q @x @U @q @x
The incomplete sensitivity approach means that we can drop the last term in
(6.6):
dJ  @J + @J @q :
dx @x @q @x
This means that for cost function based on boundary integrals, we can only
work on the shape for sensitivity evaluation. It is not necessary to linearize the
mesh deformation or mesh generation tools (see below) and the state equation.
This is therefore one step further compared to the localized gradient strategy
explained above.

6.7 Multi-Level construction

From expression (6.5) above it is clear that it is more accurate to have an accurate
state evaluation and an approximate gradient than to try to compute an accurate
gradient based on a wrong state as obtained on a coarse mesh:

d (p:n) ; p( ne) dn j < j d (p:n) ; dp (coarse):n + p(coarse) dn j:
j dx
dx dx
dx
dx

The left hand side is the di erence between exact and incomplete gradient computed on a ne mesh.
This error is often present and is due to the fact that the cost of iterative
minimization and gradient evaluations force to use coarser meshes than what
would have been used for a pure simulation.
One possibility to avoid this diculty is to use di erent level of re nement
for the state and the gradient. This is the idea behind multi-level shape optimization where the gradient is only computed on the coarse level of a multi-grid
construction and where the state comes from the ner level [16]:
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d (p:n)( ne level) = I ( dp (coarse level)):n + p( ne level) dn :
dx
dx
dx
The rst term of the left hand side is the interpolation of the gradient computed
on the coarse grid over the ne level.

6.8 Back to nite di erences or complex variables method

Consider again the relation above leading to J from x and de ne another relation
such that
J (x; U ) = J (x) = (x; U ) ! q(x) ! J (x; q(x); U ):
In the de nition of J , U is left unchanged. Knowing that with nite di erences,
most of the cost comes from sensitivity evaluation for the state, this means that
FD or CVM become viable choices:
dJ (i) = J (xi + ") ; J (x)  J (xi + "; U ) ; J (x; U ) ;
dx
"
"
where xi + " means a small change in the i-th component of x.

6.9 Coupled con gurations

Another important remark concerns coupled situations. We notice that for these
applications also, the state equation for the structure part can be also removed
from the gradient evaluation. More precisely, one iteration of our Fluid/Structure
interaction can be seen as:

x ! U ! J ! X ! U ! J;
which describes the variations of respectively x the shape coordinates, U the state,
J the cost function (aerodynamic coecients), X the structure parameterization
coordinates. The previous remarks mean that once the state and the nal cost
evaluated using this loop, in the sensibility evaluation, we only take into account
for direct dependencies between J and x. Examples for the application of these
remarks are given in chapter 8 and 9 where we use a simple elastic model which
can be easily di erentiated. But this remark becomes more interesting if we use
a commercial code for the structure solution.

6.10 Incomplete sensitivities and the Hessian

An a posteriori validation of this argument comes from the fact that this approximation also works with BFGS algorithms [3] and not only for steepest descent
methods. Indeed, this former method might converge if the sign of the incomplete
gradient is correct. On the other hand, if we use our approximate gradient to set
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up the Hessian in BFGS, not only the sigh has to be correct but also its value.
Otherwise, the eigenvalues of the Hessian matrix should or at least might have
the wrong sign.
Here we show one example of shape optimization comparing BFGS and steepest descent (SD) method both using xed descent step size and using our incomplete sensitivities. The cost function is given by
 ; Cl ) !
 ; V )!
(
C
(
V
C
d
l
J (x; q(x); U (q)) = C  + max 0; C 
+ max 0; V 
(15)
d
l
where and are penalty parameters, Cd and Cl are respectively the aerodynamic drag and lift coecients and V the volume (0 indicates the corresponding
value for the initial con guration). The idea is to reduce the drag and increase
the volume and lift.
The initial geometry is an AGARD wing with an aspect ratio of 3.3 and a
sweep angle of 45 degrees at the leading edge line. The computational mesh
has 120000 tetrahedra, 2800 grid points being located on the surface wing. The
upper surface grid for the baseline con guration is shown in Fig. (8). The ow
is characterized by a free-stream Mach number of 2 and an angle of attack of
2 degrees. The ow solver requires nearly 300 iterations to drop the residual
by three orders of magnitude with a value of the CFL number equal to 1.3.
The initial values of the lift coecient, Cl, of the drag coecient, Cd, and of
the volume, V , are 0:04850, 0:00697 and 0:030545 respectively. Fig. (8) shows
the convergence history of the objective function J(x) versus the required work,
for the BFGS method and the SD method. The work required by the Hessian
computation is equal to 0.027 and is equivalent to the work required to perform
8 ow iterations. The convergence plots contain several slope discontinuities, due
to constraint activations. In the present test case, the volume and lift constraints
represent more stringent design conditions than in the previous test case. The
BFGS method exhibits a more rapid reduction of the objective function after
the initial iterations. The objective function has been reduced by 23:5%. The
BFGS method reaches the minimum in 150 iterations, while the SD method
requires 450 iterations. The nal values for the coecients above are with the
BFGS method (Cl = 0:0495; Cd = 0:005; V = 0:03048) and with the SD method
(Cl = 0:1473; Cd = 0:0188; V = 0:06018). Hence, the drag coecient has been
reduced by 28%, the lift coecient has been increased by 2%, while the volume
remained almost unchanged.
Our experience with quasi-Newton methods and incomplete gradients indicate
two conclusions: rst, that the BFGS method is more ecient than the SD
method and does not su er too much from the approximation in the evaluation
of the gradient, and then that the approximation of the gradient seems to be
more e ective in sub-sonic and transonic ranges [3, 4, 5].
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6.11 Rede nition of cost functions

To be able to use the incomplete sensitivity approach, it is important to be in the
validity domain presented above. This is often the case for cost functions based on
aerodynamic coecients like lift and drag. But if we consider a classical inverse
design cost function,
Z

J (x) = 0:5 ;(f (u) ; f (u)target)2d ;
the dependence in the geometry is missed in the cost function. For these problems,
we use the following modi ed cost function:
Z
~ ~?
J (x) = 0:5 (f (u) ; f (u)target)2(( U1 +~ U1 ):~n)2d :
;
jjU1jj
We show examples of cost function and constraints rede nition in chapter 7
for blade optimization, sonic boom and wave drag reductions and heat transfer
optimization. Of course, this is done only as a basis for the gradient evaluation
and not for the cost function itself.

7 Mesh Adaptation and Optimization
This paragraph is devoted to the description of one example of coupling between
shape optimization tools and mesh adaptation by metric control. The idea is to
introduce mesh independence issues, as for direct simulations, in the context of
shape optimization. Indeed, local mesh adaptation by metric control is a powerful
tool for getting mesh independent results at a reduced cost [26, 27, 28].
When mesh adaptation is used, not only the mesh in the computational domain, but also the number and positions of the discretization points over the
shape will change during optimization. This means that the shape and unstructured mesh deformation tools should take into account these transformations. In
addition, in the CAD-Free framework, a change in shape discretization implies a
change in the design space which we should avoid so as to keep solving the initial
optimization problem.
Another remark concerns the change in the mesh connectivities in Delaunay
type meshes. This is dicult to take into account into the gradients because an
edge swap results in a non-di erentiable change of the cost function. This is why
optimization is usually performed on meshes with xed connectivities and on a
given control space and shape discretization (i.e. no control parameters or new
discretization points on the shape are created during optimization). However, as
for direct problems, the need for adapted meshes is clear in design problems.
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7.1 Delaunay Mesh Generator

Given a positive de nite matrix M (x) we de ne a variable metric by kx ; yk2 =
(x ; y)T M (x)(x ; y) . M-circles, i.e. circles with respect to the variable metric,
are ellipses in the Euclidean space.
A given triangulation is said to satisfy the M-Delaunay criteria if for all inner
edges the quadrangle made by the its two adjacent triangles are such that the
fourth vertex is outside the M-circle passing by the 3 other vertices.
The adaptive Delaunay mesh generator of [31] is based on ve steps:
1. discretize the Boundary of , the domain for which we seek a triangulation.
2. Build a M-Delaunay triangulation of the convex hull of all the boundary
nodes ( no internal point),
3. add an internal points to all edges which are longer (in the variable metric)
than the prescribed length,
4. rebuild the triangulation with internal nodes now, using the Delaunay
criteria and the variable metric,
5. remove the triangles which are outside ;
6. goto 3 until the elements have the required quality.
It can be shown that the Delaunay mesh is the nearest to a quasi-equilateral
mesh, in the sense that the smallest angle in the triangulation is maximized. So,
if the local metric is Euclidian, the mesh elements are isotropic. But, anisotropy
is introduced by way of the local metric [31, 30].

7.2 Metric de nition

As we said, if we want the mesh to be adapted to the solution, we need to de ne
the metric at each point of the domain and use it in the Delaunay algorithm
above. This is usually what is required by an unstructured mesh generator having
adaptation capacities [31].
The de nition of the metric is based on the Hessian of the state variables
of the problem. Indeed, for a P 1 Lagrange discretization of a variable u, the
interpolation error is bounded by:

E = ju ; huj0  ch2jD2uj0;

(16)

where h is the element size, hu the P 1 interpolation of u and D2 u its Hessian
matrix. This matrix is symmetric,
2 u=@x2 @ 2u=@x@y
D u = @@2u=@x@y
@ 2u=@y2
2

!

= R 01 0 R;1 ;
2
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!

where R is the eigenvectors matrix of D2u and i its eigenvalues (always real).
Using this information, we introduce the following metric tensor M:
~ 1 0 ! ;1

M = R 0 ~ R ;
(17)
2
where

~i = min(max(jij; h21 ); h21 );
min
max
with hmin and hmax being the minimal and maximal edge lengths allowed in the
mesh.
Now, if we generate, by a Delaunay procedure, an equilateral mesh with edges
of length of 1 in the metric M=(cE ), the interpolation error E is equi-distributed
over the edges of length ai if
1 aT Ma = 1:
(18)
cE i i

7.2.1 Three keys points

The previous de nition is not sucient for a suitable metric de nition in the
following con gurations: 1) systems, 2) boundary layers, 3) multiple-scales phenomena.
Systems: For systems, the previous approach leads to a metric for each variable
and we should take the intersection of all these metrics. More precisely, for two
metrics, we nd an approximation of their intersection by the following procedure:
Let ji and vij , i; j = 1; 2 the eigen-values and eigen-vectors of Mj , j = 1; 2.
^ ) is de ned by
The intersection metric (M

^

^

M^ = M1 +2 M2 :

(19)

where M^ 1 (resp. M^ 2) has the same eigenvectors than M1, (resp. M2 ) but with
eigenvalues de ned by:
~1i = max(1i ; vi1T M2vi1); i = 1; 2:
(20)
The the previous algorithm is easy to extend to the case of several variables.
Here, one diculty comes from the fact that we work with variables with di erent
physical meaning and scale (for instance pressure, density and velocity). We will
see that a relative rather than the global error estimation avoids this problem.
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Boundary layers The computation of the Hessian is done by interpolation via
the Green formula with Neumann boundary condition. For instance, given ,
x is found in Wh; a nite dimensional approximation space. by solving approximately
Z

Z

xw = ; wx 8w 2 Wh

and then similarly for xx:
However, this does not lead to a suitable mesh for boundary layers. Indeed,
the distance of the rst layer of nodes to the wall will be quite irregular. Another
important ingredient therefore, is a mixed Dirichlet-Neumann boundary condition
for the di erent components of the metric on wall nodes for viscous computations.
More precisely, the eigenvectors for these nodes are the normal and tangent unit
vectors and the eigenvalue corresponding to the normal eigenvector is a prescribed
value depending on the Reynolds number. The tangential eigenvalue comes from
the metric of the solution.
More precisely, along the wall the previous metric M(x) is replaced by a new
^ (x):
metric M
M^ (x) = T T ;1;
where
 = diag( h12 ;  ) and T = (~n(x);~ (x)):
n
The re nement along the wall can now be monitored through hn. This allows for
instance for shocks and boundary layers to interact. This metric is propagated
through the ow by a smoothing operator.
Multi-scale phenomena Diculties appear when we try to compute multi-scale
phenomena, such as turbulent ows by this approach. For instance, when we
have several eddies with variable energy, it is dicult to capture the weaker ones,
especially if there are shocks involved. We notice that (16) leads to a global error
while we would like to have a relative one. We propose the following estimation
which takes into account not only the dimension of the variables but also their
magnitude:
2
~E = j u ; hu j0  ch2j D u j0;
(21)
max(jhuj; )
max(jhuj; )
where we have introduced the local value of the variable in the norm.  is a cuto to avoid numerical diculties and also to de ne the di erence between the
orders of magnitude of the smallest and largest scales we try to capture. Indeed,
when a phenomena falls below , it will not be captured. This is similar to look
for a more precise estimation in regions where the variable is small. Another
important consequence of this estimation is that it removes the dimensionality
problems when intersecting metrics coming from di erent quantities.
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More details on the ingredients used in the metric de nition for inviscid and
viscous laminar and turbulent ows involving shocks and boundary layers can be
found in [26, 27, 28, 29].

7.3 Adaptive optimization algorithm

The following algorithms show how to couple shape optimization and mesh adaptation. To simplify the notations, the adaptive optimization algorithm is given
with only one optimization after each adaptation, but several iterations of optimization can be made on the same mesh. The algorithms are presented with the
simplest steepest descent method with projection. We will see that the de nition
of the projection operator is not an easy task.
At step i of adaptation, we denote the mesh, the solution, the metric and the
cost J (xi; U (xi)) by Hi, Si, Mi and J (xi).

Algorithm A1
H0; S0; given,
Adaptation loop: DO i = 0; ::; iadapt
de ne the control space (wall nodes) : Hi ! xi;
compute the gradient : (xi; Hi; Si) ! dJdx(xi) ;
de ne the

i
deformation: x~i = Pi(xi ;  dJdx(xi) );
i

deform the mesh : (~xi; Hi) ! H~ i;
update the solution over the deformed mesh : (H~ i; Si) ! S~i;
compute the metric : (H~ i; S~i) ! Mi;
generate the new mesh using this metric : (H~ i; Mi) ! Hi+1 ;
interpolate the previous solution over the new mesh : (H~ i; S~i; Hi+1 ) ! S i+1;
compute the new solution over this mesh : (Hi+1; S i+1) ! Si+1 ;
END DO:
In the previous algorithm, the projection operator Pi changes after each adaptation as the control space changes. Therefore, the convergence issue is not clear.
In the same way, adaption to more sophisticated pseudo-unsteady system based
algorithm involving more than two shape parameterizations seems dicult. To
avoid this problem, we de ne an exhaustive control space X suitable for a good
description of any shape deformations. This can be associated to the rst mesh
used in the adaptation loop. In addition , this mesh has just to be re ned in the
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vicinity of the wall (and can be coarse elsewhere) An example of this is given is
picture 10. We will see that we can also have just a surface mesh.
We then use the following algorithm:

Algorithm A2
H0; S0; X given,
Adaptation loop: DO i = 0; ::; iadapt
identify the wall nodes: Hi ! xi;
compute the gradient : (xi; Hi; Si) ! dJdx(xi) ;
i

interpolate the gradient dJ = i( dJ (xi) );
dX
dxi
dJ );
de ne the deformation: X~ = P (X ;  dX
interpolate back the deformation~xi = ;i 1(X~ );
the rest as in A1 :
deforme the mesh : (~xi; Hi) ! H~ i;
update the solution over the deformed mesh : (H~ i; Si) ! S~i;
compute the metric : (H~ i; S~i) ! Mi;
generate the new mesh using this metric : (H~ i; Mi) ! Hi+1 ;
interpolate the previous solution over the new mesh : (H~ i; S~i; Hi+1 ) ! S i+1;
compute the new solution over this mesh : (Hi+1; S i+1) ! Si+1 ;

END DO:

Here the projection P is de ned once for all, but the interpolation operator i
has to be rede ned at each adaptation. However, we can follow the convergence
dJ j as X is de ned once for all.
of j dX
Another interesting feature of algorithm A2 is that it allows adaptation within
the optimization loop. Indeed, as we said, in A1 we made the adaptation outside
the optimization loop to avoid di erentiating the mesh generator. Another way
to avoid this is to use our approximate gradient approach, where we need only
informations over the shape. Therefore we can avoid taking into account dependencies created by the mesh generation tool inside the domain. However, we still
need to keep the exhaustive control space X to be able to analyze the convergence
of the algorithm. Hence, the last algorithm coupling all these ingredients is given
by:
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Figure 10: The initial coarse mesh in the adaptation loop which is also used as
background mesh to take into account the shape deformation. This is because we
only need the shape, but we do not want to introduce an extra data structure. The
exhaustive control space X is de ned on this mesh at the beginning of the optimization loop. On the left we have an intermediate adapted mesh for a transonic
turbulent drag reduction problem over a RAE 2822 pro le.

Algorithm A3
H0; S0; X given,
Optimization loop : DO i = 0; ::; ioptim
identify the wall nodes: Hi ! xi;

~
compute the approximate gradient : (xi; @ Hi; @ Si) ! dJdx(xi) ;
i
dJ~ =  ( dJ~(xi) );
interpolate the gradient: dX
i
dxi
dJ~ );
de ne the deformation: X~ = P (X ;  dX
interpolate back the deformation~xi = ;i 1(X~ );
deforme the mesh : (~xi; Hi) ! H~ i;
update the solution over the deformed mesh : (H~ i; Si) ! S~i;

Adaptation loop : DO j = 0; ::; iadapt
compute the metric : (H~ j ; S~j ) ! Mj ;
generate the new mesh using this metric : (H~ j ; Mj ) ! Hj+1 ;
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interpolate the previous solution over the new mesh : (H~ j ; S~j ; Hj+1 ) ! S j+1;
compute the new solution over this mesh : (Hj+1; S j+1) ! Sj+1;

END DO adaptation:
END DO optimization:
Where @ Hi means mesh boundary informations and @ Si) means the solution
restricted to @ Hi.
Examples of the application of A2 and A3 are shown in the next chapters.
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